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Math 131—Topology 1 Max Wang
Lecture 2 — 9/3/10 <= Suppose that Vx € U,3e > 0 Yy € X,
d(z,y) <e = y € U. Choose z1,z2,... € X = U

Definition 2.1. A metric space is a set X with a map
d: X x X — R such that Vz,y,z € X,

1. d(z,y) =0iff x = y.

2. d(z,y) = d(y, ).

3. d(z,z) <d(x,y) + d(y, 2).
Example.

1. R™ is a metric space with the Euclidean distance
d(x,y) = /2 (wi —yi)?

2. R™ with the taxicab metric: d(z,y) = >_, [z — vil-

3. Let X be any metric space, Xg C X. Then Xj is a
metric space.

4. Let X be any set. The discrete metric is given by

o= {3 72

Definition 2.2. A sequence of numbers x1,2o,... € X
a metric space with metric d is said to converge to z € X
if Ve > 0,3N : d(xp,x) < €,Vn > N.

Definition 2.3. Let (X, d), (X’,d") be metric spaces. A
map f: X — X’ is an isometry if Vz,y € X,

d'(f(z), f(y)) = d(z,y)
We say f is continuous if V1, zo,... € X,

x; = = f(x;) = f(x)

Note. If d'(f(x), f(y)) < c¢-d(x,y) for some ¢ > 0, then
f is continuous.

RTL

Euclidean

Example. The function id : R* — is bicon-

taxicab
tinuous but is not an isometry.

Definition 2.4. Let X be a metric space. A subset K C
X is closed if Vy1,92,... € K,y vz € X =z € K. A
subset U C X is open if X — U is closed.

Proposition 2.5. U C X is open iff Vo € U,3e > 0 :
Yy € X,d(z,y) <e=yeU.

Proof.

— Suppose U open. Let x € U, and try to choose
points 1, xa, ... such that d(z,z;) = %,xi ¢ U. If
we succeed, r; — z, and x; € U = x € U by
closedness. =<«.

such that z; — = € X, and suppose x ¢ X — U.
Then x € U. But then, by assumption, x; 4 .
=<, u

Theorem 2.6. Let (X,d),(X’,d") be metric spaces, let
f:X = X'. TFAE:

1. f is continuous.
If K C X' is closed, f~1(K) is closed.
If U C X' is open, f~Y(U) is open.

e

Ve € X,Ve > 0,36 > 0 :Vy € Y,d(z,y) < § =
d'(f(z), f(y) <e

Lemma 2.7. Let X a metric space, x € X. Then
B.(z) = {y € X : d(w,y) < e}
1S open.

Proof. Let y € Bc(x). This means that d(z,y) < e.
Fix z such that d(z,y) < € —d(x,y). Then d(z,yz) <

d(z,y) + d(y,z) < e. Hence, by Prop., 2 € B.(x) =
B.(z) open. [ |
Proof. (of Theorem)

1 = 2. Say K C X' is closed. Let x1,22,... € f71(K),

x; — x € X. Then f(x;) € K, f(x;) — f(x) by
continuity. f(z) € K = = € f~1(K).

2 = 3. Uopen = X' —U closed = f~}(X—U) closed
= f1(U) =X — f~1(X’ — u) open.

3=4.Let + € X,e > 0. Bf(z)) C X' is
open, and by assumption, f~}(B.(f(z))) C X is
open. Let x € f~1(B.(f(x))). Then 3§ <
Bs(x) € f~YB.(f(x))). Thus, d(z,y) < &
d'(f(z), f(y) <e

4 = 1. Suppose x, — z. Let ¢ < 0. By (4), 36 > 0 :
d(z,y) <6 = d'(f(z), f(y)) <e So, d(z,z;) <4
for ¢ > 0, by convergence. |

0 :
—

Lecture 3 — 9/8/10

Definition 3.1. A topological space is a set X together
with a collection (a topology) {U} of subsets of X, called

open sets, such that

1. @, X are open.
2. Any union of open sets is open.

3. If U and U’ are open, U NU’ is open.
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Definition 3.2. Alternatively, we may frame a topolog-
ical space as a set X with a collection of closed subsets
{K}, such that

1. 0, X are closed.
2. Any intersection of closed sets is closed.
3. If K and K' are closed, K U K’ is closed.
and where a subset U € X is open if X — U is closed.

Example. Let (X, d) be a metric space. Then X has a
topology where a subset U C X is open if X —U is closed.

Proof.
1. Clearly, () and X are closed.

2. Say we have closed subsets K, C X, K = (| K,.
Want: K closed. Say z1,zs,... € K,2; > x € X.
Since z; € K,,Vi,a, and since each K, is closed,
reK,—zx€eK.

3. Let K, K’ C X be closed. Say z1,z2,...€ K UK’
converges to x € X. WLOG, assume infinitely
many points in the sequence z1,xo,... belong to
K. z;,2;,,... € K converges to t =—= 2z € K —
re KUK’ |

Example. Let X be any set. Then X has a topology
where all subsets of X are open. This is called the discrete
topology and comes from the discrete metric.

Example. Let X be any set. There is a topology on X
where the only open sets are () and X. This is called the
trivial topology.

Definition 3.3. Let XY be topological spaces. A map
f: X — Y is continuous if VU C Y is open, f~1(U) C X
is open.

Example. If X has the discrete topology or Y has the
trivial topology, every map f : X — Y is continuous.

Proposition 3.4. Let X be any topological space,
Xo € X any subset of X. Then

1. There is a smallest closed set K O Xj.
2. There is a largest open set U C Xj.
Proof.

1. Let K be the intersection of all closed sets contain-
ing Xo = K closed.

2. Let U be the union of all open sets contained in
Xo = U open. |

Definition 3.5. Define U, K as above. U is the interior
of Xy, denoted Xy. K is the closure of X, denoted Xo.

Example. Let X = R, X, = (0,1]. Then X, = [0,1],
Xo = (0,1).

Proposition 3.6. Let X be a metric space, Xo C X.
Then x € Xo if 3 a sequence x, — x, and r € Xq if
Je > 0: B.(z) € Xp.

Proof.

1. Let Y = {z € X : Jz1,29,... € Xo,2; = 2} C X.
Clearly, Y C Xo. Want: ¥ = X, <= Y is
closed. Let y1,y2,... € Y,y; — y € X. Since
y; € Y, dx; € X d(zi,y) < % Hence,

Yi,t; >y =1y €Y =Y closed.

2. Let Z={x € X :3e>0:B(x) C Xo} CX. We
will first show that if U C X open, then U C Z. If
x ¢ Z, then Bi(x) € Xo, By /2(x)  Xo, ...

Jzq ¢ Xo s d(z,21) <1

1
dxo ¢ Xo: d({L‘7.%'2) < 5

Clearly, ; — x. But Vi,a; €¢ X - U =
reX-U. Hence, U C Z = X, C Z.
Want: 7 =Xy < Z open. Vx € Z,3e;, > 0 :
B, (z) C Xo. U, Be,(x) = Z = Z open. [ ]

Proposition 3.7. Let X a topological space, Y, Z C X.

1.0=0

2.YCY

3.Y=Y

4. YUZ=YUZ

5.YCZ=YCZ
Proof.

4. YUZ C Y U Z by definition of closure.
YCYUZ CYUZ = Y C YUZ. Similarly,
wehave ZCYUZ. SoYUZCYUZ. [ ]

Definition 3.8. A topological space is a set X together
with an operator on subsets of X, Y — Y, satisfying 1,
2, 3, and 4 (5 may also be necessary).

Proof. (Sketch)

Let X be a set with such an operator. Say ¥ C X is
closed if Y = Y. By axioms 1, 2 of the new definition,
axiom I of the original definition is satisfied. Axiom 4 of
the new definition implies axiom & of the original. Want:
Y, =Y, = (Yo = (Yo The D direction is ob-
vious. The C direction is derived from new axiom b5:
NYe €Y, = Ya CYa. |
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Lecture 4 — 9/10/10

Definition 4.1. Let X be a topological space, z € X. A
neighborhood of x is an open set U C X containing x.

Observation 4.2. A subset Y C X is open iff Vx € Y,
there exists a neighborhood of x which is contained in Y.

Proof. —> trivial

<= Assume Vz € Y,3 a neighborhood U, C Y of =z.
Y CU,ey Uz €Y =Y open. [ ]

Definition 4.3. Let X be a topological space. A basis
for the topology of X is a collection B = {Up C X} such
that

1. Each Up is open.
2. YU C X open, U = |JUg for some Up € B.

Example. Let (X,d) be a metric space. Then
{Be(z)}es>0,2ex is a basis for the topology on X.
Proof. 1. B.(X) open. v
2. Let U C X open. Clearly, U B.(z) C U.
z,e:Be (x)CU
Want: 2 € U = x € B(y) C U for some y € X.
We can choose y = x for € small enough. |

Example. Let X = R. The collection of sets {(a,b)}a<p
is a basis for the usual topology on R. Hence, the topol-
ogy on R can be defined purely in terms of the ordering
on R.

Proposition 4.4. Let X be a topological space, Y C X.
Then'Y has the structure of a topological space, where we
say a subset U CY is open (inY ) if 3U’ € X open such
that U = U' NY. FEquivalently, we can say K CY s
closed in' Y if AK' C X closed such that K = K'NY.
This topology on'Y is called the subspace topology or the
induced topology.

Proof.
1.O0=0NnY,Y =XnNY.

2. Say U, C Y open in Y. Then U, = U, NY for
some U}, openin X. VNY =,U,NY =, Ua.

3. Say U,V € Y open in Y. Then U = U'NY,
V = V' NnY for some U',V/ C X open in X.
(U'nv)ny=unt'. [ ]
N——

open in X
Claim 4.5. We can always choose K' = K.

Proof. Assume K = K'NnY. K’ C X is closed.
KgﬁKgK’:>KgYngYmK’:K=>
YNK =K. |

Claim 4.6. Let X be a topological space, ¥ C X
a subspace. Let Z be any other space. A function
f:Z =Y CX is continuous as a function Z — X iff
it is continuous as a function Z — Y.

Proof. f : Z — X is continuous iff YV C X open,
f~Yv) € Z open. f Z — Y is continuous
iff V. C X open, f7Y(V N X) C Z open in Z.
Ay =1V ny). u

Note. In particular, the inclusion map Y «—— X is con-
tinuous.

Proposition 4.7. Let X,Y be topological spaces. Say a
set W C X xY is open if V(z,y) € W,3 a neighborhood
Uiz, € X of x and a neighborhood Vi, .,y C Y of y such
that Uigyy X Vig,yy © W. This equips X X Y with the
structure of a topological space and is called the product
topology. In particular, note that

W< |J Uay X View SW

(z,y)eW
so X XY has a basis of open sets of the form UxV, U C X
open, V CY open.
Proof.
1. ) C X xY open, X xY C X xY open.

2. Say W =W, for some W, open. (z,y) € W =
(z,y) € W,. Hence, Va,3U C X,V C Y both open
such that U x V C W, C W.

3. Let W,;W' C X xY open. (z,y) € WNW =
(x,y) € W = 3U,V open such that U x V. C W.
(,y) e WNW = (z,y) € W = 3U’, V' open

such that U' x V' C W'. (UnNU) x (VNV') =
N—— N——
open open
UxV)NU xV)YCcWnW'. [ |

Lecture 5 — 9/13/10

Definition 5.1. Let X be a topological space,
r1,%2,... € X. We say that x, converges to a point
x € X if YU a neighborhood of z, 3k € N : Vn > k,
z, € U.

Claim 5.2. If (X,d) a metric space, metric space con-
vergence is equivalent to topological convergence.

Proof.

= Any neighborhood U of z, we can find B.(z) C U
for some € > 0.

<= Take U = BE(L) |

Example. Let X any set with the trivial topology. Then
every sequence converges.
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Definition 5.3. A topological space X is said to be
Hausdorff if Vz, y € X : x # y,3 an open neighborhood U
of z and an open neighborhood V of y such that UNV = (.

Example. Any set with the trivial topology is not Haus-
dorff.

Claim 5.4. If X is Hausdorff, then the sequence
T1,Ts,... € X converges to at most one point.

Proof. Suppose that the claim does not hold: z, — =
and z, — y, ¢ # y. Since X is Hausdorff, 3 neigh-
borhoods U of  and V of y, UNV = (. Then
Ju : Vn > u,x, € U and also v : Vn > v,x, € V.
=& ]

Proposition 5.5. Let X be any topological space. TFAE:
1. X is Hausdorff.

2. The diagonal subset, {(x,z) 1z € X} C X x X, is
closed.

Proof.

= We will show that W = {(z,y) rz £y} C X x X
is open. If x # y,3U (4 ), V(a,y), disjoint neighbor-
hoods of = and y respectively. Since they are dis-
joint, Uiy )y X Vigyy € W C X x X; by definition of
the product topology, we have U, 4y X V(z 4 open.
W C Umﬁy Uz,y) X Vig,y) €W = W open.

Assume that the diagonal subset is closed; i.e., W
is open. W is a union of basic open sets of the form
UxV,U,V € X open. Given (z,y) e UxV CW,
we have U a neighborhood of x, V' a neighborhood
ofy. HUNV #0,3z€ UNV = (2,2) e UxV C
W. =<« ]

Example. If (X, d) a metric space, then X is Hausdorff.

Proof. Say z,y € X,x #y. Then d(z,y) = r > 0. Let
U = B,)s(x),V = B,/2(y). Suppose UNV # (. Then
Jz e UNV = d(z,2) < §,d(z,y) < 5. But by the
triangle inequality,

r=d(ey) <d@.2) +d(zy) < 5 +g=r

2
=<, n

Proposition 5.6. Let X be a Hausdorff space, Y C X.
Then Y, with the induced topology, is Hausdorff.

Proof. Lety,y’ €Y C X :y#1y'. Since X is Hausdorff,
3U, U’ € X neighborhoods of y, 1’ respectively such that
UNU' = (. By definition, UNY,U'NY CY are open.
Clearly, UNY)N(VNY)=0. [ |

Proposition 5.7. Let X,Y be Hausdorff spaces. Then
X XY with the product topology is Hausdorff.

Proof. Let (z,y),(¢',y’) € X x Y such that
(x,y) # (¢',y). WLOG, assume = # z’. Since X is Haus-
dorff, 3U, U’ C X neighborhoods of x, 2’ respectively sch
that UNU' = 0. Then U xY,U' xY C X xY are
open. We have (z,y) € U x Y, (2',y') € U' xY. But
UxY)N(VxY)=UnV)xY =0xY =0, as
desired. |

Claim 5.8. Let X be any topological space. Then K C X
is closed only if x1,x2,... € K,x, > =z € K.

Proof. Say * ¢ K <= z € X — K open. Then
r, € X — K for n>> 0. Since z,, € K, =><«. |

Claim 5.9. Let A be any linearly ordered set. Say that
a subset U C A is open if Ya € U,3d’ < a : (a/,a] =
{beA:d <b<a} CU. This forms a topology on A.

Example. (Counterexample)

Choose A such that A has no largest element and A
has no cofinal sequences (i.e., all sequences ay,as,... € A
are bounded). Let AT = AU{oc}, where Va € A, 00 > a.
A is not closed in AT, but any convergent sequence in A
has a limit in A.

Lecture 6 — 9/15/10

Claim 6.1. If X is any topological space and K C X 1is
closed, then r1,29,... ¢ K 12z, > x € X = z € K.
However, the converse fails in general.

Claim 6.2. Let X be any set. Then there is a topology
on X where a set K is closed iff either K = X or K is
countable. We will call this the cocountable topology.

Proof.

1. ® € X closed because it is countable. X C X is
closed.

2. Let K, closed. If Vo, K, = X then (|, Ko = X is
closed. If 38 : Kg # X, then Kp is countable and
M., K« is countable, and hence closed.

3. If K, K’ are closed, then K U K"’ is closed. If either
K,K' = X, then KUK’ = X is closed. If neither
K, K’ = X, then both are countable, and K U K’ is
countable, and hence closed. |

Claim 6.3. A sequence x1,xs,... € X, where X is taken
with the cocountable topology, converges to x iff v, = x
for all n > 0.

Proof. Let x, — x, and suppose there are infinitely
many indices 7; € N such that z;; # z. Consider
U = X —{x}. Since {z;} is countable, U is open.
But = € U, and hence 3k : Vn > k,z, € U. =<«. The
other direction is trivial. |
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Note. It follows that every subset Y C X satisfies
(%) If (z,) €Y converging to x € X, thenz € Y.

But if X is uncountable, then not every subset of X is
closed. Also, note that X is not Hausdorff. Supposing
x € U open, y € V open, we must have UNV is nonempty,
else X = (X —U)U (X — V), but then X is countable.

Definition 6.4. A topological space X 1is first-
countable if Vo € X, there is a sequence of subsets
Uy,Us,... € X containing x such that every neigh-
borhood U of z contains some U,. WLOG, assume
Ui D U; D Us 2O ...>5 z (we may simply replace the
sequence U,, with Uy,Uy NUs, U1 NU2NUs,...).

Example. Let X be a metric space. The metric topology
on X is first countable.

Proof. Simply consider the sequence By, (). |

Proposition 6.5. Let X be a first countable topological
space. Then a set K C X is closed iff x1,z9,... € K :
T, >z €X —=x€eK.

Proof.
—> True in any topological space.

<= Assume that z1,20,... ¢ K : 2z, > 2z € X —
x € K. Suppose z € X — K. X is first countable,
so AUy D Us D ... > x such that any open neigh-
borhood U of x contains some U,,. We claim that
U, C X — K for some n. Suppose not. Then

dxq € Ul,ll,'l e K
dzy € UQ,IQ cK

By assumption x,, — x. V neighborhoods U of z,
z, € U for n > 0. But this means z € K. =<«. So
every z has some neighborhood U, C X — K. Then
X—-KClUpex_x Uz €X - K. So X — K open,
and K closed. |

Proposition 6.6. Let X,Y be topological spaces,
f: X =Y. If fis continuous, then f satisfies

() () 2z € X = f(z,) — flx) €Y.
Moreover, X is first countable, (') = f continuous.
Proof.

= Assume [ continuous. Suppose z, — z. Want:
flzn) = f(z). Let U C Y be an open set contain-
ing f(x). f~1(U) C X is an open set containing
x. By definition of convergence, x,, € f~1(U) for
n > 0. Then f(z,) € U = f(x,) — z.

<= Assume f satisfies (+'), and additionally that X is
first countable. Suppose K C Y closed. Want:
fY(K) closed. By Claim we can equivalently
show that if z,, € f~1(K) converges to z € X,

then = € f~1(K). Clearly, we will have f(z,) € K,
f(zn) — f(x). Since K closed, f(z) € K. So
r € f~Y(K), which means f~(K) is closed and
hence f is continuous. |

Definition 6.7. A topological space X is second-

countable if there exists a countable sequence of open

sets U,, which forms a basis for the topology of X.
Note. Every secound-countable space is first-countable.

Proof. Let X be a second-countable space and {U,,} be
a countable base. Let € X and consider {U; : U; > z}.
If U is a neighborhood of z, it can be written as a union
of some of the U;. Hence, x € U =— x € U, for some n,
and U, C U, so X is first-countable. [ |

Example. Not every metric space is second-countable.
For example, take X with the discrete metric. In par-
ticular, Vo € X, {z} = Bi(z) is open. Hence, any basis
for the topology of X must contain each {x}. If X is
uncountable, the topology on X is not second-countable.

Definition 6.8. If X is a topological space, aset Y C X
is called dense if Y = X.

Claim 6.9. If X is second-countable, then there exists a
countable dense subset of X.

Proof. Say Uy,U;,Us, ... are a basis for the topology of
X, Uy =0and U; # 0 for i # 0. Then Jz; € U; for
i > 0, yielding a sequence (z;) € X. We claim that this
sequence in dense. Say U C X is nonempty and open.
Then U is the union of some number of basis sets, which
means there is some z; € U. [ |

Claim 6.10. If X is a metric space with a countable
dense subset, X is second-countable.

Proof. Consider the set {Bi/n(Tm)}m,n>0. We claim
that this is a basis for the metric topology of X. Say
U C X is open, let

m,mn:

Bl/n(ajnL)gU

Want U C U’. Say x € U. Then In : By, (z) € U. Then
B j2n() 3 24y, for some m. So x € By /2, (:m). To prove
that € U’, we need to know that B1/2( m) CU. We

know that Vy € By /2(2m), d(y, Tm) < d( Tm) < 5,
and by the triangle inequality, d(z, y) But this im-
plies By /2(2m) € Byn(z) C U. [ |

Example. R is second-countable since Q C R is a count-
able dense subset.
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Lecture 7 — 9/17/10

Definition 7.1. A partially ordered set (poset) is a set
A with a relation < satisfying

l.a<bb<a=a=h.
2. a<a.
3.a<bhb<c=a<ec

We do not assume that only a < b or b < a can hold (i.e.,
total ordering).

Example.
1. N with the ordering 0 <1 <2< ...
2. R

3. The collection of all subsets S C X for a fixed set
X, ordered by S <T <= T C S. We will refer to
this ordering as “reverse inclusion.”

Remark. For a sequence (z,), if statements P and Q
have the property that

Ing : Vn > ng, P(xy,)

Ing 1 Vn > ng, Q(z,,)
then we can easily conclude that Ing : Vn > ng, P(x,) A

Q(z,). We want a notion of sequences for topological
spaces that shares this behavior.

Definition 7.2. A partially ordered set A is filtered if

1. A is not empty.
2. Va,be A,dce A:a<c¢,b<c

Note that the second condition is automatic if A is totally
ordered.

Example. Let X be any set. The collection of sub-
sets of X (ordered by reverse inclusion) is filtered. (1)
is clear. To show (2), note that VS, T C X, we have
S<SNT, T <SNT. Note that SNT is the least upper
bound, but not the only upper bound (take, for example,
0).

Claim 7.3. Let X be a topological space, x € X. Let
A:={U C X :U open,z € U} (ordered by reverse inclu-
sion). Then A is filtered.

Proof. 1. X e A

2Lt UVCA UNVeA=UV<UNV. 1

Remark. Note that A as defined above does not have a
largest element (in particular, § ¢ A).

Definition 7.4. Let X a topological space. A net in X
is:

1. A filtered partially ordered set A
2. A function f: A — X

Example. Taking A = N with the usual ordering, a net
f 1 A— X yields a sequence.

Definition 7.5. Anet f: A — X in X is said to converge
to a point x € X if VU C X open, U 3> z,da € A :
Vb > a, f(b) € U.

Proposition 7.6. Let X,Y be topological spaces, let
g: X — Y be continuous. If f : A — X is a net in
X converging to x € X, then go f is a net in' Y converg-

ing to g(x).

Proof. Let U C Y open containing g(z). We know
x € g~Y(U) open by continuity. Since f converges,
Ja € A : f(b) € ¢g7Y(U),vb > a. Equivalently,

g(f(v)) € U. u

Proposition 7.7. Let X be a topological space, let
K C X. Then K is closed iff K satisfies

(%) If anet f: A— K converges tox € X, thenx € K.
Proof.

= Suppose K closed. Let f : A — K be a net converg-
ing to x € X. Suppose for the sake of contradiction
that © € X — K open. Then da € A : Vb > a,
f(b) € X — K. In particular, we have f(a) € X — K.
But by assumption, f(a) € K. =<«. So we must
have K closed.

Assume (%) (i.e., K contains limits of all nets in K).
We will show that X — K open. Let x € X — K, and
define

A={UC X open:U >z}

ordered by reverse inclusion. Suppose that YU € A,
UNK # (. Then we can choose zy € UNK.
This yields anet f: A — X, f(U) = zy. We must
show that f converges; that is, given U 3 = open,
Ja € A:Vb>a, f(b) € U. Take a = U; then we
must show V C U = xy € U. But this is ob-
vious since xy € VN K and V C U. This means
that f is actually a net in K. By (%), we conclude
that x € K. But we assumed x € X — K. =><«.
SoVe e X-K,aU, €e A: U, C X — K,U, > x.
X—-K Ccl,U, € X—K. This means X — K open,
so K closed. |

Corollary 7.8. A function g : X — Y is continuous iff
g sends nets converging to x € X to nets in'Y converging
to g(x) €Y.
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Proof. = Done.

<= Assume g preserves net convergence. Let K C Y
closed; we will show that g~!(K) satisfies (x) and
hence is also closed. By assumption, go f : A = K
is a net converging to g(x). K closed implies
g(z) € K <= =z € g '(K). Hence g *(K)
closed. ]

Lecture 8 — 9/20/10

Definition 8.1. A topological space X is disconnected
if X = 0 or there exist closed subsets K, K’ C X such
that KNK' =0, KUK = X, and K, K' # 0. X is
connected if it is not disconnected. Since K/ = X — K,
we can equivalently stipulate disconnectedness if there ex-
ists a nonempty, non-X clopen set K, and similarly, X is
connected if the only clopen sets in X are X and () (or,
rather, if there are exactly two clopen sets in X).

Theorem 8.2. The interval [0, 1] is connected.

Note. The set of real numbers R has the least upper
bound property: if S C R, S # 0, S bounded above, then
Jasmallest t e R:Vse S, s <t

Proof. Say K C [0,1] is clopen. WLOG, assume 0 € K
(else take the complement). So K # @, and we want
K = X. K C R is bounded above by 1, so K has
a least upper bound t € R, 0 < t < 1. For every
€ > 0,t —e < t, sot— e is not an upper bound of K.
Sodse K :t—e< s<t<t+e This means that K in-
tersects each interval (t — e, ¢+ ¢) nontrivially. = ¢ € K.
Since K is closed, t € K. But K is also open, so for €
small enough, [0,1]N(t —¢,t+¢) C K. If t # 1, we can
choose € such that t + 5 < 1. t + 5 € K. =<, since  is
the least upper bound of K. Sot=1—1¢€¢ K.

For any r € [0,1], let K, = K N[0,7]. So K, is a
clopen subset of [0,1]. 0 € K, = K D K, > r, so
K =10,1]. |

Proposition 8.3. Let f : X — Y be a continuous sur-
jection between topological spaces. If X is connected, then
Y is connected.

Proof. Y # (). Say K CY is clopen. Then f~1(K) C X
is clopen. Since X is connected, f~}(K) = X or
F7YUK) = 0. f is surjective, so K = f(f~}(K)). So
K =f0) =0or K = f(X) =Y. Hence, Y is con-
nected. n

Definition 8.4. A homeomorphism between topological
spaces X, Y is a continuous map f: X — Y with a con-
tinuous inverse.

Proposition 8.5. Let X,Y be connected topological
spaces, then X XY is connected.

Proof. X xY is nonempty. Say K C X x Y is clopen
and nonempty. Let (z9,y0) € K. Say z € X,y € Y; we
want (z,y) € K.

We will first show that (z,yg) € K. Let

Ky, ={(a,b) € K,b=y0} € X % {yo}

The space X x {yo} is homeomorphic to X and hence is
also connected. But K,, = K N (X x {yo}), so K, is
clopen and nonempty (in the subspace topology); hence,
Ky, =X x{yo}. So (z,y0) € K.

By symmetry, we conclude similarly that (z,y) € K,
and hence K = X x Y. |

Definition 8.6. Let X be a topological space. A path
in X is a continuous map v : [0,1] — X. We say 7 is a
path from ~(0) to v(1).

Definition 8.7. A topological space X is path-connected
if X # 0 and V,y € X,3 a path v from z to y.

Claim 8.8. If X is path-connected, then X is connected.

Proof. Suppose X is path-connected. Let K C X
be clopen. Suppose for the sake of contradiction that
K # 0,K # X. Then 3z € K,y ¢ K. Choose a
path v : [0,1] — X,~v(0) = z,v(1) = y. By continuity,
7~ 1(K) C[0,1] is clopen. Then 0 € y~1(K),1 ¢ v 1(K).
=<, since [0,1] is connected. [ ]

Definition 8.9. Let X C R? be the set

Y {(aﬁ,y) ER2:IZO}U{(Qg,y):x>O,y:sin%}

X is called the topologist’s sine curve.

Claim 8.10. The topologist’s sine curve (X) is con-
nected.

Proof. Denote the two parts of X as Xy and X; respec-
tively. Xo = R and X; = {x € R: 2 > 0}. Hence, Xy
and X, are both path-connected. Say K C X is clopen.
Then K N Xy is clopen and K N X is clopen in their re-
spective subspace topologies. So either K = 0, K = Xg,
K=X;,or K=X.

However, X is not open because it does not contain
B(0,0) for any € > 0. B(0,0) 3 (52-,0) for every inte-
ger n, so X1 is not closed. |

Claim 8.11. X is not path-connected.

Proof. We claim that there does not exist a path from
(x,sin%) € X; to (0,0) € Xy. Suppose for the sake of
contradiction that we do have such a path,

3 [0,1] = X : 7(0) = (0,0),7(1) = (gc,sin%)

Consider

K =~71(Xo) = {t:y(t) = (0,)} C[0,1]
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K is closed because Xy is closed. Then K con-
tains its least upper bound ¢ < 1. Consider 7|y 1.
Ylie,17(t) = (0,y) for some y, and |y q)(2) € X1,Vz # t.
Choose € > 0. Since v is continuous, 30 > 0 : Vr <
5, d(y(t + r),v(t)) < e. By the intermediate value the-
orem, if € is small enough, our continuous path vy must
have values outside the open ball of radius r. |

Lecture 9 — 9/23/10

Definition 9.1. Let X be a topological space. A collec-
tion of open sets {U, C X} is a cover of X if X =JU,.

Definition 9.2. A topological space X is said to be
compact if for every open cover {U,}aca, there exists
a finite subset Ag C A : {U,}aca, covers X.

Remark. Compactness can be thought of as a property
which affirms that a given space does not need or can-
not have any more points added to it. For instance, R?
is not compact, but R? along with a point at infinity is
compact; specifically, we have R? = §? — {z}, where S?
is the 2-sphere and = € S2.

Proposition 9.3. Let X be a Hausdorff space. If K C X
is compact (under its subspace topology), then K is closed.

Proof. Say © ¢ K. Let y € K; then © # y. Since
X is Hausdorff, there are open neighborhoods U, >
and V,, 3 y such that U, NV, = (. Note that the sets
{VyNK},ck are an open cover of K. Since K is compact,
there exist finitely many points y1,...,y, € K such that
{Vy, N K} cover K. Let

U= () U,

1<i<n

U, is open in X and contains z. K C |JV,,,so U, NK =
. Then X - K C|J,U, CX — K. |

Note. We have actually proven that if z € X, K C X
compact, z ¢ K, then there are disjoint open sets U,V
such that x e U, K C V.

Proposition 9.4. If f: X — Y is a surjective continu-
ous map of topological spaces and X is compact, then Y
18 compact.

Proof. Say {Us}aca is an open cover of Y. Then
{f7Y(Us)}aca is an open cover of X. Since X is com-
pact, 3Ag C A finite such that {f~1(Us}aca, covers X.
Since f is surjective, {Uq }aca, is an open cover of Y. W

Theorem 9.5. The interval [0,1] C R is compact.

Proof. Let {U,}aca be an open cover of [0, 1]. Let

S=<te[0,1]: 34 C A finite s.t. [0, C | Ua
aEAp

We know 0 € S, so S has a least upper bound
0<t<1. We will show first that ¢ € S. Choose « :
Uy D (t—€,t+€)N[0,1]. If t = 0, we are done. Other-
wise, we can choose € such that 0 < t—e, and since t is the
least upper bound, t—e/2 € S. So [0,t—¢/2] C UBer Us,
for some Ag finite. Then

[0,¢] C[0,t —€e/2]U(t—e,t+€) C

U U

BeAoU{a}

soteS.

If t = 1, we are done. Assume instead that ¢ < 1.
0,t] CUpea, Ua- Sot € U, for some a € Ag. For e
small enough, and § < 1, (t — €t +¢) N[0,1] C U,.
0,t +¢/2] C [0,t]U (t — €t +¢€) € Uyea, Ua- Then
t+e€/2 € S. =<, since t is the least upper bound. So
t =1, and [0, 1] is compact. |

Proposition 9.6. If X, Y are compact topological spaces,
then X XY is compact.

Proof. Say {W,}aca is an open cover of X x Y. For
each y € Y, the set X x {y} is compact. For each
x € X,(z,y) € W, for some a. Then there are open
neighborhoods Uy y X V3, € Wo, Uy 3 2,V D 9. Fix
y € Y. The sets {Uyy}zex cover X. Then there exist
finitely many 1, ..., 7y, € X such that X = JU,, .

Let Vy = (1, Va;y- So Vy > y is open. The sets
{Vy}yey cover Y, so there exist yi,...,y, such that
Y =UV,,. So

XxvYc | U U x Vo,

1<j<n 1<i<k,,

Each of these product neighborhoods was constructed to
lie in W, for some a. So X X Y is contained in a union
of finitely many of the U,. |

Example. Let K C R". Then K is compact iff K is
closed and bounded.

Proof.

— If K is compact, K is closed since R" is Hausdorff.
K C U,soBn(0). If K is compact, we only need
finitely many. So K C B, (0) = K is bounded.

<= Say K is closed and bounded. Then K C
[-A,A]" € R™ for A > 0. [—A, A] is compact
since [0,1] is compact and [—A, A] = [0,1]. And
[—A, A]™ is compact by the previous result. Com-
pactness follows from the subsequent lemma. |
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Lemma 9.7. If X is a compact topological space, K C X
is closed, then K is compact.

Proof. K CJ,cpUar X =KU(X -K) C (U,Ua)U
(X — K). X is compact, 50 X C U,ea, Ua U (X — K).
iin)ce X —K open, K C U,ca, Ua (for aslightly different

o). ™

Lecture 10 — 9/24/10

Definition 10.1. Let X be a topological space and let
1,%2,... € X. An accumulation point of z1,25,... is a
point y € X such that every open neighborhood U > y
contains infinitely many of the z;’s.

Proposition 10.2. Suppose that X is first-countable.
Then the sequence x1,x2,... € X hasy € X as an ac-

cumulation point iff it has a subsequence x;,, T;,, ... con-
verging to y.

Proof.

<= Assume there is a subsequence z;,, z;,, ... converg-

ing to y € X. Then any open neighborhood U 3 y
contains infinitely many terms z;,, and hence in-
finitely many ;. Note that this direction does not
require the assumption of first-countability.

Assume y is an accumulation point. X is first count-
able, so there is a sequence of open sets U; O Uy D
... 2 ysuch that any open neighborhood U > y con-
tains some U;. Then Uj contains infinitely many
x;, and hence contains some point x;,. Similarly,
U, contains z;,, and we can choose z;, such that
io > i1. And Us 3 m;,,43 > is. Continuing in this
manner yields a subsequence x;,, ;,, Tz, - - -

Take any open neighborhood V' > y. By our choice
U; (by first-countability), In € N : U, C V. Then
vYm > n,z;, € U, CV. SoVm > n,z;, € V.
Thus, z;, —y. ]

Definition 10.3. Recall that a topological space X is
compact if every open cover {U,}aca has a finite sub-
cover. Equivalently, X is compact if, for any collection of
closed sets { K, }aca, if every finite subset of the K, have
a common point, then all the K, have a common point.
That is,

[ Ko # 0VAg C A finite = (1| Ko # 0
a€Ay acA

Proposition 10.4. Let X be a compact topological space.
Then any sequence of points in X has an accumulation
point (and if X is first-countable, then every sequence has
a convergent subsequence.)

Proof. For each n > 0, let K,, be the closure of the set
{Zn,Tnt1,...}. Note that if Ag C {1,2,...} is finite, then
Ap has a largest element n.

() Em=K,#0

meAy

If X is compact, then using the above definition,

() K #0

n>0

Take y € ,, K. Then Vn,y € K,. So for every n and
every open U 3y,

0 #£UN{zn, Tnt1,---}

Since this is true of every n, U contains infinitely many

Theorem 10.5. Let (X,d) be a metric space. TFAE:
1. X is compact.
2. Every sequence in X has an accumulation point.

3. Every sequence in X has a convergent subsequence.

4. (a) Ye > 0, there is a finite cover of X by B’s.

(b) Y{U,} an open cover of X, there exists € > 0
such that every Be is contained in some U,,.

Proof.
1=2 Vv
2 = 3. V(X is first-countable)

3 = 4. Assume 3. We will show (a). Choose € > 0.
Pick 1 € X. Choose 2o € X such that
d(x9,x1) > € if possible. Choose x5 € X such that
d(xs3,21),d(x3,22) > € if possible. But condition &
implies that this process must stop at some n € N.
So X is covered by those n e-balls.

Now we will show (b). Say {U,} covers X. Sup-
pose that Vn,dB;,,(x,) for some z, such that
Vo, By jn(2n) € Us. We will show this sequence
Z1, T2, ... does not have a convergent subsequence.
Suppose otherwise. Say z;, =+ x € X. x € U, for
some «. And B.(z) C U, for some e. We know that
d(z,z;,) < § for k> 0. By the triangle inequality,
Bej3(x;,) € Us. But by construction, we must have
5 < i =<, for k> 0.

4 = 1. Assume (a),(b). Let {Us}aca be an open
cover of X. By (b), Je > 0 da € A,
B.(z) CU,. By (a), there exists a finite cover
of X by Be(r1),Bc(z2),...,Be(zy). But each
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Be(x;) CU,,. If we take Ag = {a1,9,...
we know that

7an}7

U Z_)UBe(xi)QX [}

a€Ap i<n

Definition 10.6. Let X be a topological space,
f:A— X a net. An accumulation point of f is a
point y € X such that VU 3 y an open neighborhood,
Jae AVb>a: f(b) e U.

Theorem 10.7. Let X be a topological space. TFAE:
1. X is compact.
2. Every net in X has an accumulation point.
Proof. <= Left as exercise.

— Say f: A — X is anet. For every a € A, let K,
be the closure of the set {f(b) : b > a}. Recall that
Vai,...,a, € A,da > «;. So

fla) € Ko € () Ko,

Then () K,, is nonempty for any finite set of «.
Since X is compact,

() Ko #0

acA

But this is precisely the set of accumulation points
of X. ]

Lecture 11 — 9/27/10

Definition 11.1. Let {X,},ca be a collection of topo-
logical spaces. We know that the product of sets

X =[] Xo ={(za € Xa)aca}
a€cA
We can define a topology on X having a basis of open

sets
I1v.

acA

where each U, C X,,. This is called the box topology.
Observation 11.2. Suppose each X, =Y. Then

X=][Xa={f:4-v}=Y"

There is a canonical map
Ay — YA
yr— f:VYa €A fla)=y
Yy (y € Xa)aeca

But A : Y — Y4 is usually not continuous if Y4 has the

box topology. We know that

() Ua=4"

a€cA
Take A =N, Y = [0,1], Y4 = {(to,t1,...) : 0 < t; < 1}
We can have an open set (for the box topology) consisting
of sequences with t; < %

1 1

2 %0, 2)

(0,0,0,...) €U, but Ve > 0, (¢, €,¢,...) ¢ U.

Definition 11.3. Let {X,}qca be a collection of topo-

logical spaces, X = [[, Xo. The product topology on X
has as a basis of open sets all sets of the form

11 v.
a€cA

where each U, C X, open and U, = X, for all but
finitely many a € A.

U =10,1] x [0,1) x [0,

Claim 11.4. This defines a topology on X, where a set
U C X is open if V(z,) € U,3U, C X, open such that
U, = X4 for all but finitely many a € A and x, € U,
for all a, and such that [[U, CU.

Proof. 1. 0, X are clearly open.

2. Given any collection of sets U;, each of which con-
tain a product of sets as given above, their union
clearly contains such a product of sets.

3. Let U,V be open, (z,) € UNV. U, C X, open,
To € Uy, Uy, = X, for almost all «, such that
[1U, € U. 3V, C X, open, z, € V,,V, = X,
for almost all «, such that [[V, C V.

[[UanVa=]]Uan]]VacUNV
U, NV, =X, for almost all a. [ |

Claim 11.5. Let Y be a topological space, A a set. The
map
AY YAt ={]] Y}
acA

is continuous if Y is given the product topology.
Proof. Want: A~'U C Y is open if U is a basic open
set for the product topology. Choose such a U; then
U =11, Us. We know that A~'U = Naca Ua by defi-
nition of A. By assumption, U, =Y for all a outside a

finite set Ag C A.
Nv= N
a€cA aEAp

is open. |

10
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Proposition 11.6. Recall that a map f: X =Y X Z is
continuous iff the maps fy : X =Y, fz : X — Z are con-
tinuous (f = (fy, fz)). Now let {Xn}aca be a collection
of topological spaces, let Y be any topological space. Let
[1Y = X=1T][, Xo. Wecanwrite f = (fo:Y — Xa).
If X is given the product topology, then f is continuous
iff each fo is continuous.

Proof.

= Say f is continuous. Want: f;!(U,) C Y is open
for each open U, C X,. Let U = U, x Hﬁ;ﬁa Xg;
it is open.

fal(Ua) = F7HU)

is open by continuity.

Assume each f, is continuous. Want: f~1(U) C Y
is open if U C X is open. Assume that U is a basic
open set, U = [[ Uy, U, C X, and U, = X, for all
a ¢ Ay C A a finite subset.

f_l(U) = ﬂ fo?l(Ua) = ﬂ fo?l(Ua)

a€cA a€Ap

is open. |
Example. There exists a topological space X and a sub-
set Y C X such that (x) every sequence z1,z9,... € Y
converging to x € X implies that x € Y, but Y is not
closed.

Proof. Let

X = []{0,1} = {0, 13"

acA

where {0,1} has the discrete topology and X has the
product topology. x1,xs,... € X converges to x € X iff
for every a € A, the sequence z1(a),z2(c),... C {0,1}
converges to x(«). Let

Y ={z € X : z(a) = 1 for only countably many o}

Y satisfies (x). But Y is not closed if A is uncount-
able. In fact, Y is dense in X, so for any nonempty
U Q X, YNU # (. (Y would be dense even if the condi-
tion imposed read “finitely many” rather than “countably
many,” since any open set of X has the requirement that
for every element of X, all but finitely many components
can be either 0 or 1.) But Y # X because (2o = 1)aeca
is not in Y, and since Y is dense it is not closed. |

Proposition 11.7. Let X be a product of topological
spaces {Xataca. If each X, is Hausdorff, then X is
Hausdorff.

11

Proof. Let © = (24),y = (Yo) € X : © # y. Then
Joa € A x4 # Yo Xo is Hausdorff. Then JU 3
T,V D Y open in X, such that U NV = (. Consider
U x1lp2aUs V x Ilp4 X, which are open sets in X.
Their intersection is empty because U NV = (). |

Theorem 11.8 (Tychonoff’s Theorem). Let X be a prod-
uct of topological spaces X . If each X, is compact, then
X 1is compact.

Example. The space {0,1} is compact for any set A.

Example. The space [0,1]4 is compact and Hausdorff
for any set A.

Theorem 11.9. Any compact Hausdorff space X is
homeomorphic to a closed subset of [0,1]* for some set

A.

Lecture 12 — 9/29/10

Lemma 12.1 (Zorn’s Lemma). Let A be a partially or-
dered set such that every linearly ordered subset of A has
an upper bound. Then A has a mazximal element. That
is, Ja€c A:a<b < b=a.

Definition 12.2. A linearly ordered set A is well-ordered
if every nonempty subset of A has a least element.

Example.
1. Any finite linearly ordered set has a least element.
2. N is well-ordered.
3. Z is not well-ordered.

Note. If A is well-ordered, then AU{oo}, where we con-
sider oo > A, is well-ordered.

Example. The set {0 < 1 < 2 < -+ < w} is well-
ordered. Continuing to add maximal elements, we end
up with a set

{0<l<2<-"<w<w+l<w+2<..}
that is well-ordered.
Claim 12.3. Let A be a linearly ordered set. TFAE:
1. A is well-ordered.

2. There does not exist an infinite descending sequence
ag >ai >as > ... € A.

Proof.

= Assume that A is well-ordered. The set {ag > a; >
...} clearly has no smallest element. =<«.
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<= Assume that there is no infinite descending se-
quence ag > ay > as > ... € A. Consider some
nonempty subset S C A. Choose ag € S. If ag is
minimal in S, then we’re done; otherwise, choose
a1 < ag. Continuing in this way, we either stop and
find a smallest element of S, or we do not stop and
come to an infinite descending sequence. =<«. W

Proposition 12.4 (Principle of Transfinite Recursion).
Let A be any well-ordered set, and suppose we want to
define f : A — K for some set K. Suppose we are given
a “rule” for computing

f(a) = something depending on {f(b)}p<q

Then there exists a unique function f: A — K satisfying
this rule.

Proof. Let
S={acA|3f,:{be A:b<a} = K, satisfying rule}

We claim that S = A. Suppose otherwise; then A— S has
a smallest element a. Vb < a, fp: {c€ A:c<b} — K is
well-defined. By uniqueness, if b < ¥’, then

fo= fb"{ceA:cgb}

Then
f<a::Ufb:{c€A:c<a}—>K

b<a

Note that f., extends uniquely to a function
fai{ceA:c<a} > K

satisfying our recursion. Then a € S. =<«. So § = A.
By the argument above, we get a function

Uh:a-K [
beA

Example. Let A and B be well-ordered sets. Try to
define a map f : A — B by f(a) = min{b € B : b #
f(d’),a’ < a}B. There are two cases:

1. f is well-defined, and we get an injective map
f A — B whose image is downward-closed in B.

2. f is not well-defined. Then da € A such that
f:{a € A:d <a} — B is an isomorphism, and
we have amap f~!: B —{ad € A:ad" <a} C A
that is downward-closed by construction.

We have shown that given any two well-ordered sets A, B,
one is uniquely isomorphic to a downward-closed subset
of the other.

Definition 12.5. We say that two well-ordered sets are
equivalent if they are isomorphic. The equivalence classes
of this relation are called ordinals. (In general, the equiv-
alence classes of linearly ordered sets are called order

types.)

Note. The ordinals are linearly ordered by saying A < B
if there exists an isomorphism from A to a downward-
closed subset of B.

Observation 12.6. If A is well-ordered with order type
a, then A = {5 : B < a}, the ordered set of ordinals
less than «. Note that 8 < « iff B is the order type of
a downward-closed subset B C A. A — B has a least
element a. Then B = {b € A:b < a}. That is, the map

Asa—{beA:b<a}
is an isomorphism A — {8 : 8 < a}.

Claim 12.7. The collection of all ordinals is well-
ordered.

Proof. Say ag > a1 > ag > --+. «p is the order type
of some well-ordered set A. A = {5 : 5 < ap}. But this
would be an infinite decreasing sequence in a well-ordered
set A. So the ordinals must be well-ordered. |

Claim 12.8. Let S be a set. Let Ord(S) = {a : «
is the order type of an ordering on some subset of S}.
Then | Ord(S)| > |S|; that is, there exists no injection
A:0rd(S) — S.

Example. Say S = {z1,x2,...,2,}. Then Ord(S) =
order types of 0, {1},{1,2},...,{1,...,n}.

Proof. Say A exists as above. Then A(Ord(S)) C S'islin-
early ordered via the ordering on Ord(.S). Then the order
type of Ord(S) € Ord(S) (is an element). But this order
type is also the least ordinal not in Ord(S). =<«. ]

Lemma 12.9 (Zorn’s Lemma). Let S be a partially or-
dered set such that any linearly ordered subset of S has
an upper bound. Then S has a mazimal element.

Proof. Suppose for the sake of contradiction that S does
not have a maximal element. We will define an injective
map A : Ord(S) — S by transfinite recursion. By our as-
sumption, for any S’ C S linearly ordered, we can choose
an upper bound zg: ¢ S’ of S’. Define A\(a) = zg/, where
S’ = {\B) : B < a}. By transfinite recursion, A(«) is
defined for all @. But A cannot exist because Ord(S) is
too big. =<«. Hence, S has a maximal element. ]

12
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Lecture 13 — 10/1/10

Theorem 13.1 (Tychonoff’s Theorem). Any product of
compact topological spaces is compact.

Lemma 13.2 (Zorn’s Lemma). If A is a partially ordered
set such that every linearly ordered subset of A is bounded
above, then A has a mazimal element.

Remark. Recall that a topological space X is compact
if any collection {K, }es of closed sets satisfying the so-
called finite intersection property, by which we mean

VSy € S finite, (1) Ko # 0,

aESy

implies that (,.q Ko # 0. More generally,

a€esS

(*) V{KOL}O&ES : ﬂCKESU Ka 7£ @ - maESFOZ 7& @

Note that this condition is both necessary and sufficient
for compactness.

Example. We will explore a direction for the proof in the
case of X xY. Say X,Y are compact, say {K, C X xY}
satisfying (). Want: (K, # 0.

Look at {mx(K,) C X}. Note that

ﬂ mx(Ka) 2 mx

a€ESy

(] Ka| #0

aESy

So 3z € ,es, Tx (Ka), and hence these sets satisfy (x).
But simply choosing such an z and y fails to provide us
necessarily with a suitable point (z,y).

Proof. To arrive at our desired conclusion, we will try to
strengthen the condition imposed on our choice of x,y.
Let us enlarge the set {K,}acs, which we will call S.
Let o7 be the collection of all sets S’ C P(X) with the
finite intersection property.

Let X = Hiel X; where each X; is compact. Want:
Seod — ﬂaES K. # 0. Given such a collection S, we
claim the following lemma:

Lemma 13.3. S is contained in a larger Spax € <,
Smax C P(X) such that Spmax is mazimal.

Let &' = {8’ € & : S C §&’}. We will show that every
linearly ordered subset of /" has an upper bound (with
the partial ordering of forward inclusion). Say {Sg}sen
is a linearly ordered collection of elements of o/’. Let
S =JSs. We want to have S’ € &/’; that is, we want
to know that if Sy C S’ is finite, then ﬂKeSo K # 0.
But Sy C Sg for B large, and since Sg € &/, our con-
clusion follows. By Zorn’s lemma, there exists a maximal
Sax € .

Now we can equivalently show that if S € & is maxi-
mal, then (N cg K # 0. Let us now show that

Lemma 13.4. S is closed under finite intersection, and
given a subsetY C X, if VK € S,YNK # 0, thenY € S.

Y, Y €S, either SU{YNY'} =S and we are done,
or SU{YNY’'} D S. Suppose the latter. Since S is max-
imal, SU{Y NY'} ¢ &. Then Y NY' NNgcs, K = 0.
=<«. Now we claim that Y € § as given above. Other-
wise, SU{Y} 2 S. Then, taking finitely many elements
K; € SU{Y}, either K; # Y, in which case (| K; # 0, or
Ir: K, =Y, which means that (| K; =Y N[, K; # 0
because S is closed under intersection.

Fori € I, let m; : X — X; be the projection of X onto
X;. The collection of sets {m;(K) : K C S} satisfies the
finite intersection condition:

ﬂ mi(K) 2 m

KeSo

() K| #0

KeSy

Since X; is compact, we can choose

xT; € m WZ(K)

Kes

Let x € X be such that m;(x) = z;. Finally, we want
that € Nges K. Equivalently, we want for every U 3 x
an open neighborhood, then VK € S,UNK # . WLOG,
assume that U is basic; that is, U = []U; where each
U; C X; is an open neighborhood U; > z;, and U; = X;
for i ¢ I finite.

By construction, z; € (\m(K). So U; N m;(K) non-
trivially for all K C S at a point m;(y). Then VK C S,
Jyr € m; H(U;) N K. Then 7; *(U;) € S, by Lemmam
We know that U = (¢, m; "(U;). But Vi ¢ I, finite,
7, }(U;) = X. Hence, U = Nicr, 7 Y(U;). Then U € S,

by Lemma [13.4 So VK C S,UNK # (. Then z € K,

and hence o
T e ﬂ K

and hence, X is compact. ]

Definition 13.5. Let X be a topological space. A col-
lection of open sets {U;} is a subbasis for X if every open
set U C X has the form |JU, where each U, is a finite
intersection of the Uj;.

13
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Example. If X = [[X,, then the sets of the form
{73 (Ua)}u. X, open are a subbasis for X.

Lemma 13.6 (Alexander Subbase Theorem). Let X be a
topological space. If X has a subbasis {U;} such that every
cover of X by sets of the form U; has a finite subcover,
then X is compact.

Proof. (Alternate Proof of Tychonoff’s Theorem)

Let X =[] X, where each X,, is compact. Say that X is
covered by sets of the form 7' (U,, ;). Suppose this has
no finite subcover. Then Va, the U, ; can have no finite
subcover. Since X, is compact, Iz, € X, : 2 ¢ Uy ;. We
can choose z € X : mo(z) = z4. Then x ¢ 7, (Ua).
=< ]

Lecture 14 — 10/4/10

Theorem 14.1 (Alexander Subbase Theorem). If X is
a topological space having a subbasis {U;};cr and every
cover of X by open sets in {U;}icr has a finite subcover,
then X is compact.

Proof. Let T be the collection of all open sets in X. We
want to show that, if S C 7 is a collection such that

(x) VS € S finite, Sy does not cover X,

then S does not cover X. Let
A={S"CT:8CS 9 satisfies (x)}

We claim that 2 has a maximal element.

If Ay C A is linearly ordered, then (Jg/ Ao S’ satisfies
() and is an upper bound. Then by Zorn’s lemma, 2 has
a maximal element S,,... Note that

1. 8§ C Smax and Spax satisfies (x) by construction.

2. IfU € Spax, V C U, then V € Spax.

3. f U,V € Sppax, then U UV € Sjax.

4. Tf U is an open set such that VV € Sy, UUV # X

then U € Spax.
We will prove the last assertion. Let S}, = Smax U{U}.
By maximality, 3{V;}*_; C Syax such that X = U U
ViU UV Bt V=1 U---UVg € Spmax by (3), so
UUV #£X. =<
Suppose for the sake of contradiction S covers X,
which means Sy, covers X. We claim that

U= {UZ :U; € Smax}

covers X. This will yield a contradiction, since Sp,.x sat-
isfies (), but a finite subset of the U; covers X. Suppose
otherwise, that ¢ does not cover X. Fix z € X. We

14

know JU € Spax such that x € U. The U; form a sub-
basis, so U = |J Vi, where each V, is a finite intersection
of U;’s (not necessarily in Spax. So x € V, for some «.
Vi € Smax by (2).

Vo, = Ui1NnUanN...N0U,. We want to show that
Fi : U; € Smax. Suppose not. Then by (4), IW; € Smax
such that U; UW; = X. Then

un---NU,UWLU---UW, =X

But since Uy N...NU, = Vo € Smax, Wi € Smax, =><.
Then Vx € X,3i:U; 2 z,U; C Spax- [ |

Definition 14.2. A topological space X is regular if
1. Vz € X, {z} is closed.

2.Ifz € X, K C X closed, z ¢ K, then JU,V,
U3z, VOK:UNV =0.

Note that any regular space is Hausdorff.
Claim 14.3. Any Hausdorff space satisfies 1 above.

Proof. Let x € X. Yy € X,y # 2,3V, 5y,V, # x. Then
UVy = X — {z} is open, so {z} is closed. [ ]

Claim 14.4. Any compact Hausdorff space is regular.
Claim 14.5. Any metric space (X, d) is reqular.

Proof. It K C X, define d(z, K) := inf{d(z,y) : y € K}.
Note that d(z, K) = 0iffz € K. If K is closed and x ¢ K,
then d(z, K) > 0. Set € = @. Let U = Bc(x), and let
V=Uyex Be(y). UNV =0, else 3z € X : d(z,7) <,
d(z,y) < e = d(z,y) < 2¢ =d(z,K), =<. ]

Claim 14.6. X is reqular iff 1 holds andVxr € X, W >z
open, there exists another open neighborhood U > x :
UCw.

Proof. Suppose X is regular, and fix x € X,W > «
open. The set K = X — W is clearly closed. Then 3U,V
open, U 3 2,V O K. We know that U N K = {, since
Vy € K,V > y is a neighborhood disjoint from U. So
UCw.

Now suppose that Vo € X, W > x open, there exists
anopen U > z : UCW. Fix z € X, K C X closed,
x¢ K. Let W =X —K. Take U > z as described. Then
X —U D K and is open and disjoint from U 3 z, so X is
regular. |

Proposition 14.7. Any product of regular spaces is reg-
ular.

Proof. Let X = [ X4, each X, regular. Let z € X,
W C X open, W 3 x. We can assume WLOG that W
is a basic open set, W = [[ W, where each W, C X,
open, W, = X, for almost all «. x € X has image
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T € X, for each «, and z, € W,. Since X, is regular,
U, 2 z, : Uy € W,. Note that if W, = X,, we can
choose U, = X,. Let U = [[U,. Clearly, U > x and is
open.

Uc][Uacw

where [[ U, is closed. [ |

Proposition 14.8. Any subspace of a regular space is
reqular.

Proof. Let X be a regular space, ¥ C X a subspace.
Sayy € K CYclosedinY,y¢ K. KNY = K.
Then y ¢ K. Since X is regular, 3U,V C X open,
UsyVOK:UNV=0.ButUNY andVNY CY
are both open, we have y e UNY and K DV NY, and
Uny)n(Vny)2UnV =4. [ ]

Definition 14.9. Let X, X’ be topological spaces with
the same underlying set. We say the topology on X is
finer than the topology on X’ (or the topology on X' is
coarser than the topology on X) if every open set in X" is
open in X, or, equivalently, if id : X — X’ is continuous.

Example. The box topology on [[ X, is finer than the
product topology.

Observation 14.10. Suppose that X, X’ be topological
spaces with the same underlying set. If X’ is Hausdorff,
then X is Hausdorff. However, if X’ is regular, X need
not be regular.

Example. Let X’ = R with the usual topology. Let
X =R be a refinement such that

11

15130 3

is closed. That is, take Y C R to be closed with respect to
X iff Y = Y1 U(KNY3), where Y7 C Y5 are closed subsets
of R. Open sets have the form U = UyN(Us—K),Us C Uy
for Uy, Us open. Then any open set containing zero con-
tains € # % that, made sufficiently small, intersects any
open set about K. But then {0}, K cannot be separated
by disjoint open sets.

K={1

Proof. Left as exercise. |
Lecture 15 — 10/6/10
Definition 15.1. A topological space X is normal if

1. Vz € X, {z} is closed.

2. If AAB C X are closed and AN B = (), then

JUDAVOB:UNV =0.

Observation 15.2. Any normal space is regular and
Hausdorff. Any compact Hausdorff space is normal.

15

Claim 15.3. Any metric space (X,d) is normal.

Proof. Suppose A, B C X are disjoint closed sets. Then

Va € A,3eq : Be,(a) N B = . Similarly, ¥b € B, 3¢, :
B, (b)NA=10. Let
U=|JByg@2A4 V=|JBs()2B
acA beB
We want to show that U NV = (0. Suppose other-

Ca

wise, that 3z € UNV. Then Ja € A : d(z,a) < %

and 3b € B : d(z,b) < %. By the triangle inequal-
ity, d(a,b) < d(a,z) + d(z,b) < <. If e, > 6,
d(a,b) < <t < ¢. =<«. Similaly, if ¢ > e,
d(a,b) < i < ¢ =< ]

Claim 15.4. A subspace of a normal space need not be
normal. A product of normal spaces need not be normal.

Proposition 15.5. Let X be a second-countable topolog-
ical space. Then X is reqular iff X is normal.

Proof. <= True in general.

= Let Uy, Us,... be a countable basis for X. Suppose
that A, B C X are disjoint closed subsets. By regu-
larity, Va € A,3V, 3 a open such that V, N B = (.
WLOG, assume that V, € {Uy,Us,...}. Similarly,
Vb € B,3W, > b open such that W, N A = (), and
Wy € {U1, Us, .. }
Assume that {V,}eea = {V1,Va,...} C{U;}. Sim-
ilarly, {Wi}tpep = {W1,Wa,...} C {U;}. Define
Note that V, N A =V, NA so V' =,V) 2 A
(since the W, are disjoint from A). Similarly,
W, NB=W,NnB,so W =, W, 2 B.
We claim now that V/NW’ = (). Suppose otherwise.
Ifx e VNW' 2 € V) NW! for some m,n. If m < n,
x€Vy 2V Butz e Wy =W, —U;.,, V;. =<
The case for n < m is the same by symmetry. W

Definition 15.6. An ordinal « is countable if it corre-
sponds to a countable well-ordered set.

Note. There are uncountably many ordinals, and hence

there exists a least uncountable ordinal w;.

Example. Let
A={a:a<w} A={a:a<w}=AU{w}

Note that A has a topology, the order topology, with a
basis of open sets

L (=o0,0) = {y:iv<a}
2. (ay00) ={y:v>a}
3. (e, f) ={v:a<y<p}
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We claim that there does mnot exist a sequence
ag,aq, ... € A converging to w; € A. Suppose otherwise.
Every open set containing w; contains («, 00) for some
«a < wy. Then each a; corresponds to a well-ordered set
P;. T] P; has order type a > a;, a0 < wy.

Claim 15.7. A is compact. Both A and A are normal.

Claim 15.8. A x A is not normal. This shows that
a product of normal spaces need not be normal. More-
over, since A x A is a compact Hausdorff space, and
Ax A C A x A, this shows that a subspace need not
be normal. We also see that a regular space need not be
normal.

Proof. Let

K={(a,a):a € A} K' = Ax {w}

K’ is closed since it is the inverse image of the projection
onto a point. K = (Ax A)NA, 4 the diagonal of A x A,
which is closed by Hausdorffness. Hence K is also closed.

Suppose that U O K, U’ O K’ exist that separate
K, K'. Ya < wy, we claim that there is a least ordinal
T(o) such that T'(a) > o, T(v) < wy and (o, T'(a)) ¢ U.
By well-ordering, we need only show that T'(«) exists.
Suppose otherwise. Then U D {a} x {f € A: 5 > a}.
U D K' > (a,w;) = U 2 {a} x (vy,00) for some v < wy
(by the definitions of the product topology and the basis
for the order topology). =<«.

Let g = 0,010 = T'(aw), a2 = T(aq). It is clear that
ap < ay < ---. This sequence has a least upper bound
B < wi. We claim that (8,5) € UN (X —U). We know
(8,8) € K CU. But X — U is closed and (3, ) is the

limit of the sequence of points (ag, a1), (a1, a2),.... But
each (a;,a;41) ¢ U. Since X — U closed, (5,8) € X —U.
=><. |

Lecture 16 — 10/8/10

Let X be a normal space, A, B C X closed. One way to
separate A from B is to choose a continuous function
f+ X — [0,1] such that Ya € A,b € B, f(a) = 0,
f(b) = 1. Then U = {z € X : f(z) < 3} and
V ={z€X: f(z)> 1} separate A and B.

Lemma 16.1 (Urysohn’s Lemma). X is normal iff
VA,B C X closed, ANB=0,3f: X = 1[0,1] : Va € A,
be B, f(a) =0, f(b) = 1.

Proof. Let
Q={qeQ:0<q¢g<1}

We can enumerate Q: qo =0,q1 = 1,q2,.... We will first
construct, for each ¢ € @, an open set U, C X such that

16

1. AC U
2. BNU;, =0.
3. Ifp<q,U, CU,.

and then construct our function f: X — [0, 1].

X is normal, so JUyDA : Uy N B = (. Define
U, = X — B. We have satisfied (1) and (2), and Uy, Uy
satisfy (3). Now construct U,, by induction on n. As-
sume that Vi < n,n > 2, U,, is chosen. We can choose

q—59+ € {q0;---,qn—1} = Qn such that ¢ < ¢, < gy,
where ¢_ is the greatest lower bound and ¢ is the least
upper bound of ¢, in Q. Then U, C Ug., . U,, does
not interesect X — Uy, . Since X is normal, JV,W C X
such that V2 U, ,W2X —U,, and VNW = 0.

Set Uy, = V. We claim that U,, =V C U,,. But by

construction,
VCVCX-WCU,
Now we want to construct f. Define

inf{g € Q:2€U,} if nonempty
flx) = .
1 otherwise

It is clear that Va € A/b € B, f(a) = 0,f(b) = 1 by
construction.

We want now to show that f is continuous. The
space [0,1] € R has a basis consisting of open intervals
(r,t) : r,t € R. Tt suffices to show that f~1(r,t) is open
in X. But (r,t) = (r,00) N (—00, ), so it suffices to show
that f~1(r,00) and f~1(—o0,t) are open. Call

X, =fl(r,00) ={z € X : f(x) >}
If r <0,X, =X is open, and if r > 1, X,, = (} is open.
Assume 0 < r < 1. Then
XT:{xEX:EIq>r:q§{p:x€Up}}
We know 3¢’ € Q : 7 < ¢’ < q. Tt follows that
X, ={reX:3¢ >rx¢U,}

= U(X_Uq)

q€Q
q>r

= fﬁl(ra OO)

is open.
Now we want to show that

X = f (o0, t)={x € X: f(zx) <t}

isopen. If t > 1, X; = X is open, and if t < 0, X; = () is
open. Assume 0 <t < 1. Then

Xt:{xeX:3q<t:q§{pEQ:xEUP}#(Z)}
We know 3¢’ € Q : g < ¢’ < t. Tt follows that
X, ={reX:3¢ <t,xeUy}
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Since ¢/ <t,IpeQ:¢ <p<t. ThenzeUy = x €
U,. So

Xi={zeX:3qg<t,xzeU,}
= U U,
qeqQ
q<t
= fﬁl(_oovt)
is open. |

Corollary 16.2 (Tietze Extension Theorem). Let X be
a normal space, Y C X a closed subspace. Let fy : Y —
[a,b] C R be a continuous function. Then fy extends to
a continuous function f: X — [a,b].

Proof. WLOG, take fy : Y — [—b,b]. Consider the sets
A= fy'[~b,—3b] and let B = f;/'[2b,b]. A and B are
closed in X. By Urysohn’s Lemma, gy : X — [—%b, %b]
continuous such that go(z) = —3b if z € A, go(x) = 3b if
z € B. Note that if y € Y, [fy (y) — go(y)| < 2b.

Now define a function f} : Y — [—2b,2b] given
by fi(y) = fv(y) — go(y). By the same reason-
ing, we get a function g; : X — [—%b%b] such that
lf+-(y) — 1 (y)] < %b. Continuing this process, we get a
sequence of functions g; : X — [—z4+D, Bf%b] Now de-
fine f(z) = 32, 9i(x).

We claim that f is well-defined and continuous (proof
left as exercise). By construction,

|fy (y) — ;gi(ﬂfﬂ < <§)n b

so fy = fly, as desired. [ |

Lecture 17 — 10/13/10

Theorem 17.1 (Tietze Extension Theorem). If X is
normal, Y C X a closed subset, then any continuous map
Y — [0,1] extends to X.

Claim 17.2. The Tietze Extension Theorem implies
Urysohn’s Lemma (if X is normal, A, B C X closed and
disjoint, then 3f : X — [0,1] such that f|la =0, flp =1).

Proof. Note that AUB is closed; simply extend the func-
tion AU B — [0, 1] to a function X — [0, 1]. |
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Theorem 17.3 (Urysohn’s Metrization Theorem). Let
X be a second-countable topological space. TFAE:

1. X is metrizable.

2. X is normal.

3. X is regular.

4. X is homeomorphic to a subspace of [],cx[0,1].
Proof.

1 = 2. True in general.

2 = 3. True in general.

3 = 2. True in second-countable spaces.

4 = 1. True in general (from HW).

2 = 4. By second-countability, there exists a count-
able basis {U;} for the topology on X. For each
i, € N such that U; C U; (which implies that
U;N (X —Uj) =0), there exists a continuous func-
tion A;; © X — [0,1] such that \; |z, = 0 and
Aijlx—v; = 1. So we have a countable collection of
continuous functions A; ; : X — [0,1]. These yield
a continuous map

A:X = [T 0,1
1,7:
U;CU;
We claim that A is injective and is a homeomor-
phism from X to A(X) C ][0, 1].

Let z,y € X : © # y. To show injectivity, it suffices
to show that \; j(z) # A ;(y) for some J; ;. Since
X is regular, we can choose U > x open, U ¥ .
Then x € U; C U for some basic open set U;. Then
Yy E€ X—Uj C X —Uj. Since X —Uj is closed and X
is regular, 3V 5 x open such that VvV C U;. Assume
WLOG that V = U; for some basic open set U;.
Then we have U; C Uj;, and for this ¢, 7, we have

Aij(x) =0, ;(y) =1. So A is injective.

Regard A(X) C [][0,1] as a topological space. We
know that A : X — A(X) is continuous and bijec-
tive. It remains to be shown that A=! : A\(X) — X
is continuous. Note that

zeU; CAJ0,1)CU; CU
Consider that
ve |J Mjoncu

g
U;CU;CU
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We want to show that A(U) is open in A(X). But

U (o)

Yk
U;CU;CU

A(U)

It suffices to show that A(A;
We claim that

10,1)) is open in A(X

).

A5 10,1)) =
Let y € A(X); then 3z € X :
know that y € )\()\;jl [0,1)) iff
is true iff

7ij(y) = mii(A@)) = A j(2) €

Hence, our claim holds. Since [0,1) is open in [0, 1],
this means that A(U) is a union of open sets and
hence is open. So A is a homeomorphism, as de-
sired. |

AX) N }[0,1)

Az).
) € [0,

Then we

:( 1). This

[0,1)

Definition 17.4. Let f : X — Y be a map. The support
of fis
supp(f) = {y € Y : f(z) # 0}

Definition 17.5. A topological space X is completely
regular if

1. Vo € X, {z} = {z}.

2. Vx € X,VK C X closed, K # x, there is a con-
tinuous function f : X — [0, 1] such that f(z) =

Equivalently, our second condition states that YU > =z
open, 3f : X — [0,1] continuous such that f(z) = 1
supp(f) C U since X — U is closed.

)

Note. All normal spaces are completely regular, and all
completely regular spaces are regular. Note also that if X
is second-countable, then normality, regularity, and com-
plete regularity are equivalent.

Proposition 17.6. Any product of completely reqular
spaces is completely regular.

Proof. Let X = [[,c; Xi each X; completely regular.
Take z € X, 2 = (2;)ier,x; € X;and let U C X, U >z
open. WLOG, assume U is basic, so U; = X; for all
i ¢ Iy C I a finite set. Vi € I, we can choose a contin-
uous function f; : X; — [0,1] such that f;(z;) = 1 and
supp(f;) C U;. For i ¢ Iy, we can take f; = 1. Then
define f: X — [0,1] by

=1 #w)

18

f is well-defined and continuous, and we easily see that
f(z) = 1. Moreover,

supp(f) ={y : f(y) # 0}
= {y:Vie Iy €supp(fi)}
cuU

so X is completely regular, as desired.

Lecture 18 — 10/15/10

Proposition 18.1. If X is completely regular, any sub-
space of X is completely reqular.

Proof. Let Y C X be a subspace. Let x € Y and U C
Y,U > z an open neighborhood. We want a continuous
function f : Y — [0,1] such that f(z) = 1,supp(f) C U.
By definition, U = V NY for some V C X open. By
complete regularity, g : X — [0, 1] a continuous func-
tion, g(xz) = 1,supp(g) € V. Define f : Y — [0,1] by
fw)=9),f=gly. [

Theorem 18.2. Let X be a topological space. TFAE:
1. X is completely regular.
2. X is homeomorphic to a subspace of [],c4[0,1].

3. X is homeomorphic to a subspace of some compact
Hausdorff space.

Proof.

2 = 3. Hausdorffness is known, and compactness is
given by Tychonoff’s Theorem.

8 = 1. All compact Hausdorff spaces are normal, and
hence completely regular.

1 = 2. Assume that X is completely regular. Choose an
index set
S={fs: X —=1[0,1]}

We get a canonical map ¢ : X — [],.¢[0,1], with s-
coordinate fs, given by z — (fs(z))ses. We claim
that ¢ is injective and defines a homeomorphism
X = o(X) C][0,1].
Suppose z,y € X : & # y. We want to show that
ds € S: fs(x) # fs(y). Since x # y, we know that
X —{y} >z and is open. Then 3f : X — [0, 1] such
that f(z) = 1,supp(f) € X —{y} — [f(y) =
Hence, ¢ is injective.
Let

U=

UCHOI

seS

{o7!

We know that U is a collection of open subsets of
X; we want it to be the entire topology on X. Let
V' C X be any open set. For each x € V', we can
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choose f, : X — [0,1], fo(z) = 1,supp(fz) € V
Let V, = supp(fz) 3 . Then YV, =V. But

Vr:{yeXfm(y)>O}

=7 [ ((IT 0.11) x (0.1]

ses
e fo
Let us write
U, = H [0,1]
sES
fs#fa
so Vy = ¢~ (Uy x (0,1]). Then
V=JVe={Je (U x (0,1])
= ' JWa x (0,1])
el
Thus, ¢ is a homeomorphism, as desired. |

Corollary 18.3. Let X be a topological space. Then X
is a compact Hausdorff space iff X is homeomorphic to a

closed subspace of [][0, 1].

Proof. We know that 3¢ : X — [][0,1] a homeomor-
phism by Theorem »(X) is homeomorphic to X,
and hence p(X) is compact. By Hausdorflness, ¢(X) is
closed. |

Definition 18.4. Let X be a topological space. A
compactification of X is a map ¢ : X — X such that

1. ¢ is a homeomorphism onto ¢(X).

2. X is compact Hausdorff.

We can,
X — X.

in some sense, consider ¢ an inclusion map

Theorem 18.5. There exists a compactification of X iff
X is completely regular. |

Example. If X is compact Hausdorff, id : X — X is a
compactification of X.

Example. R"” is not compact but is homeomorphic to
S™ — {0}. This is called the one-point compactification.

Observation 18.6. Let ¢ : X — Y be a compactifica-
tionof X, o : X — o(X) CY. Then X — ¢(X) is also a
compactification. We might require in our definition that
©(X) be dense in X.

Definition 18.7. Let X be any completely regular space,
¢+ X = [l,eql0,1] a homeomorphism. Then

X::MQ H[Oal]

is a compactification of X, called the Stone-Cech

compactification of X.

Theorem 18.8. Let X be any completely reqular space,
let f : X — Y be any continuous map into a com-
pact Hausdorff space. Then f lifts uniquely to a map
f X Y.

xl .y
[of
Lp ~
Ve
X

Proof. WLOG, Y isaclosed subset Y C Y’ =[], .40, 1].
Then f: X =Y C Y’. Suppose that f does indeed lift
to a map f X — Y’. We claim that f factors through
X that is, f~1(Y) = X. Y is closed and f is continuous,
s0

is closed. Then f~1(Y) = X.

Hence, it suffices to assume that ¥ = ][0, 1]. By com-
ponents, we can assume WLOG that Y = [0, 1] First, we
will show the existence of our desired function f : X — Y.
We know that our function f : X — Y = [0,1] is such
that f = f, for some s € S. Then

[0,1]

reveals a map f = 7, o ¢ from X — [0, 1].

Now we will show that f is unique. Say we have
N X—>[O 1] such that f|x = f = f'|x. We want to
show that f = f'. Let

Z={eveX: j)=Ff@)cX

Note that, taking

g=(f.f): X =01 x[0,1]
we get Z = g~ !(A), the inverse image of the diagonal,
and hence Z is closed. We want to show that 7 = X.

Since f\x = f’\x, we know that ¢(X) C Z, and since Z
is closed, we get

ZCX=9p(X)C2Z

and hence Z = X, so f is unique, as desired. |

19
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Lecture 19 — 10/18/10

Definition 19.1. A Hausdorfl space X is locally compact
if Vo € X,3U > z open such that U C X is compact.

Example. Any compact Hausdorff space is locally com-
pact. R™ is locally compact (take the closure of open
balls).

Claim 19.2. Let X be a compact Hausdorff space, U C
X an open subset. Then U is locally compact.

Proof. Let x € U. Since X is compact Hausdorfl, it
is regular. Then 3V C X open, V 3 2, V C U. V is
compact (since it is a closed subset of X). [ |

Theorem 19.3. Let X be a Hausdorff space. TFAE:
1. X is locally compact.

2. There ezists a compact Hausdorff space Y such that
X is homeomorphic to an open subset of Y.

3. There exists a compact Hausdorff space Y and a
point y € Y such that X =Y — {y}.

Proof.
3 = 2. Y — {y} is open since {y} is closed.
2 = 1. True by the above claim.

1 = 3. Assume that X is locally compact, and define
X = X U{oo}

We want a topology on X which agrees with the
topology on X such that X is compact Hausdorff.
Let a set U C X be open if either U C X is open,
or U =V U{oo} where V C X is open and X —V is
compact. We claim that this is indeed a topology.

Clearly, ) and X = X U {oo} are open. Let U,U’
be open. If co ¢ UNU’, then U NU’ is open in
X and hence in X . Suppose co € U,U’. Then
U=VU{oc}and U =V'U{c},soUNTU' = (VN
VHu{occ}. Bt X —(VNV) = (X-V)U(X-V")
is compact (since finite unions of compact sets are
compact; left as exercise), so U N U’ is open.

Now let U = |JU,, where the U, are open. If
0o ¢ U,,Va, then U is open in X by openness in
X. Suppose that co € U, for some o. Then U 3 oo.
Let us write Vg = X NUg. So U = JVz U {0}
We want to show that X — (J V3 is compact. But
X -UVs € X -V, which is compact, so X —(J V3
is compact since it is closed.

Now we want to show that X is Hausdorff. Choose

z,y € X :x#y. If x,y € X, this follows from X
Hausdorff. Suppose now that x € X,y = co. We

20

want U 3 z,U’ 3 y such that U N U’ = (). Then
U’ =V U{oco} where V C X open, X —V compact,
and moreover U NV = (). By local compactness, we
may choose U such that U is compact, and define
V =X —U. Then X is Hausdorff.

Finally, we want to show that X is compact. Let
{U4} be an open cover of X. Then co € U, for some
a, so U, =V, U {0}, X — V,, compact. Again, let
us write Vg = XNUg. Then Uﬁ;éa Vs 2 X-V,. By
compactness, X — V, C Uﬁel Vs where I is finite.
SoY:UaUU%IUg. |

Definition 19.4. The one-point compactification of X

is X = X U {oo}.

Remark. Let X, Y be topological spaces. Let
Map(X,Y) = {f: X — Y, f continuous}
We want to put a nice topology on Map(X,Y).

Example. Say X has the discrete topology. Then every
map X — Y is continuous, so

Map(X,V) =Y~ = [[ V¥
zeX

has the product topology.

Definition 19.5. Giving a map Z — Map(X,Y) is the
same as giving a map p: X X Z — Y such that Vz € Z,
the map x — pu(z, 2) is continuous. We say that the map
Z — Map(X,Y) is induced by pu.

Remark. We want a topology on Map(X,Y") such that
giving a continuous map Z — Map(X,Y) is the same as
giving a continuous map p: X x Z =Y.

Claim 19.6. A topology on Map(X,Y) satisfying the
above property is unique.

Proof. Suppose Map(X,Y) can be equipped with two
different topologies, T, 7T’ satisfying the given property;
we will abbreviate these different topologies by writing
Map(X,Y) and Map/(X,Y). Consider the identity map

id : Map(X,Y) — Map(X,Y)
Then the evaluation map
X xMap(X,Y) =Y

is continous, where Map(X,Y) is read as Z above.
By the same property, we get a continuous map
Map(X,Y) — Map/(X,Y), which is the identity map.
Then Map(X,Y) = Map/(X,Y) by the identity map;
hence, they are identical. |

Remark. It is generally not possible to put such a topol-
ogy on Map(X,Y).
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Proposition 19.7. If X is a locally compact Hausdorff
space, then such a topology exists on Map(X,Y) for any
topological space Y .

Remark. Let (Y,d) be a metric space. We might try to
define the distance between two maps as the maximum of
the distance between those maps evaluated at any point.
But this distance does not necessarily exist if X is not
compact. In this case, we will try to do this “separately”
for all compact subsets of X.

Lecture 20 — 10/20/10

Definition 20.1. Consider the set Map(X,Y). We de-
fine the compact-open topology on Map(X,Y") to be the
topology generated by the subbasis

{f e Map(X,Y): f(K) C U}

taken over all compact K C X, and all open U C Y. Our
basis is therefore given by

{f eMap(X,Y) : f(Ky) CUy,..., f(K,) CU,}

Proposition 20.2. If X is locally compact, the evalua-
tion map

ev: X x Map(X,Y) — Y
(z, f) — f(2)

s continuous.

Proof. Say U C Y is open. We want to show that
ev 1 (U) C X x Map(X,Y) is open. Note that

ev '(U) = {(z, f) : f(z) € U}

Say (zo,fo) € ev Y(U). Then fo(zg) € U. We
want an open set V. C X,V > xy and an open set
W C Map(X,Y), W > fq such that V. x W C ev=1(U).
That is, we want f(x) € U,Vx € V, f € W. Since fy is
continuous, f5 ' (U) 3 z is an open subset of X. Since X
is locally compact, X is regular. Then 3V > z open such
that V' C f;'(U). WLOG, assume that V is compact.
Let
W= {f € Map(X,Y) : (V) C U}

which is open by its definition. Thenev(VxW)CU. R

Note. For any topological space Z, a continuous map
g:Z — Map(X,Y) yields a continuous map

X xZ— X xMap(X,Y) = v

which we call
g: Xx2Z—Y

21

Proposition 20.3. Let X be a locally compact topologi-
cal space. Then g — g is a bijection between continuous
maps Z — Map(X,Y) and continuous maps X x Z — Y.

Proof. To construct the inverse, begin with a continu-
ousmapg:Z x X —Y. Foreachze Z,letg,: X - Y
be given by g.(z) = g(z,z). So z — g, defines a map
g:Z — Map(X,Y). We want to show that g is continu-
ous.

Let U C Y be open, K C X be compact. Let

V={feMap(X,Y): f(K) CU}
We want to show that g=1(V) is open in Z.
97 (V)={2€Z:§(x,2) €UVx € K}

Say 20 € g~ (V). Then Vz € K,g(z,2) € U. So
there exists a neighborhood of (z, o) belonging to g~ (U)
about every x. Then 3V, C X, W, C Z open such that
Veda, W, 3 29 and g(V, x W) CU. Then

Kc |V
rzEK
Since K is compact, we can choose a finite subcover
Ve, U UV, DK

Let
W= () W,

i<n

UV, ) X W) = Ug(vam x W)
cU

So g(K x W) C U. So for every z € W, we have
§.(K) CU. Then Vz € W, g, € V. Hence,

zo € W C g_l(V) cZ
so g~1(V) is open, as desired. [ ]

Definition 20.4. Say Y is a metric space, X an arbitrary
set. Let f,g: X — Y. Define

p(f.9) = sup { min (1,d(f(x), 9(x))) }

zeX

We call the topology induced by this metric the uniform
topology.

Claim 20.5. This is indeed a metric on YX, and hence
on Map(X,Y), if X is equipped with any topology.

Proof. Left as exercise. |
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Observation 20.6. A sequence fi, fa,... € Map(X,Y)
converges to f by uniform convergence with respect to
the uniform topology:

(Ve > 0)(3IN € N)(Vz € X)(Vn > N)(d(fn(z), f(x)) <€)
Compare this with pointwise convergence:
(Ve > 0)(Vx € X)(AN € N)(Vn > N)(d(fn(z), f(x)) <€)

Example. For functions [0,1] — R, a uniform limit of
continuous functions is always continuous, but a point-
wise limit need not be.

Remark. Let X be a topological space, Y a metric space.
Map(X,Y) can be equipped either with the compact open
topology or with the metric topology; however, these two
topologies are not the same in general.

Proposition 20.7. Let X be a compact topological space,
Y a metric space. Then the compact-open topology (Tku)
and the uniform topology (Tq) on Map(X,Y") coincide.

Proof. We claim that the identity maps between these
topological spaces are continuous. We will show first that

id : Mapy(X,Y) = Mapyy (X,Y)

is continuous. For this direction, we need only assume
that X is locally compact. By Proposition [20.3] it suffies
to give a continuous map X xMap,(X,Y) — Y. Consider
the evaluation map; we will show it is continuous.

Say U C Y open, zop € X, fo € Map(X,Y), and
fo(xo) € U. We want to find open sets V C X,V 3
and W C Map,(X,Y),W > fo such that ev(VxW) C U.
Let yo = fo(xo). Since U > yp is open, Je : Bc(yo) C U.
Since fy is continuous, 3V C X open, V 3 xg such that
fo(V) € Beja(yo). Let W = Bej2(fo). Let z € V, f € W.
Then

d(f(x), fo(zo)) < d(f(x), fo(x)) + d(fo(z), fo(wo)) <€

SoVx eV, f €W, f(z) € Be(yo) C U, as desired.
Now we want to show that

id : Map g (X,Y) — Map,(X,Y)

is continuous. We want to show that if fo € Map(X,Y),
e > 0, then B.(fy) € Mapgy(X,Y) is open. WLOG,
take € < 1. Say f € Be(fo). We want a neighborhood
of W > f open w.r.t. Tgy such that W C B.(fy). By
assumption, p(f, fo) < €, so choose

5:6710(]07]00)

So Bs(f) € B:(fo)- Hence, WLOG, we can replace (fo, €)
by (f,0); that is, we may assume f = fo.

22

For each x € X, the set

Us = i (Bs(folw))) € X

is open in X and contains x. These open sets cover X.
Assuming X is compact, we can find a finite subcover
given by x1,...,z,:

U, U---UU,, 20X
Let
W ={f e Map(X,Y):Vi <n, f(Us,) C Bg(fo(zi))}

W C Map g (X,Y) is open because it is an intersection of
finitely many basic open sets. We claim that W C B(fo);
that is, if f € W, then Vz € X, d(f(z), fo(z)) < e. Then

d(f(x), fo(x)) < d(f(z), fo(x:)) + d(fo(w:), fo(x)) < €

few Fi:w €Uy,
for every z € X, and therefore
p(f7 fO) <€
as desired. |

Lecture 21 — 10/22/10

Recall that if X is compact Hausdorff and (Y, d) is a met-
ric space, then Map(X,Y’) w.r.t. the compact-open topol-
ogy is also a metric space w.r.t. the uniform metric.

Proposition 21.1. If X is not compact, then conver-
gence in Map(X,Y) is “uniform convergence on compact
sets”; that is to say, f1, f2,... € Map(X,Y) converges to
f € Map(X,Y) if filk, fo|k,.-. converges uniformly to
flix, where K C X is compact.

Proof. We know that fi, fo,... converges to f iff for ev-
ery open neighborhood U C Map(X,Y),U > f, all but
finitely many f; € U. WLOG, U is a basic open set w.r.t.
the uniform topology; that is,

U={g€Map(X,Y):g(K;) CV;,Vi <n}

for K; C X compact, V; C Y open. This condition de-
pends only on g|k,u..UK,, - |

Note. Given a continuous map
p: X - X
composition with p defines a continuous map
Map(X,Y) — Map(X',Y)

For example, if K C X is compact, we get a map
Map(X,Y) — Map(K,Y), and f1, fa,... converging to
f implies fi|k, f2|k, - .. converging to f|x in Map(X,Y).
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Observation 21.2. We pose the question of when
Map(X,Y) compact. The answer is essentially never. For
instance, consider the sequence of functions z", where
X =Y =10,1]. These converge pointwise, but they do
not converge in Map(X,Y), nor does any subsequence
converge.

Definition 21.3. Let X be a topological space, (Y, d) be
a metric space. A map f: X — Y is continuous if

(Vo € X)(Ve > 0)(3U C X, U > z)(Va' € U)
(d(f(z), f(2) <€)

Claim 21.4. f is continuous iff f~*(Bc(y)) is open for
ally € Y,Ve > 0.

Proof. Left as exercise. |

Definition 21.5. Let X be a topological space, (Y, d) be
a metric space. A collection of continuous functions

{fs: X = Y}es
is equicontinuous if

(Vo € X)(Ve > 0)(3U C X,U 3 z)(Vz' € U)
(Vs € S)(d(fs(x), fs(2')))

Example. Let {f; : R — R}cs be a collection of func-
tions such that:

1. Each f; is continuous and differentiable.

2. There exists a uniform bound on the derivatives of
each fs.

Then S is equicontinuous.

Proof. If |x — z'| < ¢, then

[fs(x) = fo(&")| <& -sup|fs()] < C -0
teR

It suffices to verify that |z — 2| < §. |

Theorem 21.6 (Arzela-Ascoli Theorem). Let X be any
locally compact space,

F ={fs € Map(X,Y)}ses € Map(X,Y)
be a family of functions. F is compact iff
1. Ve e X, 7, ={fs(x)} CY is compact.
2. F is equicontinuous.

3. F s closed in Map(X,Y).

23

Example. Let X =R, Y =0, 1],

S ={fe[0,1]®: f differentiable, | f'| < 1}
(note that we are abusing notation slightly and are us-
ing the same symbol S to represent both the collection
of functions and its index). S is equicontinuous, and its
closure is compact (by Arzela-Ascoli). However, S is not

closed.

Note. If f is a uniform limit of differentiable functions,
then f need not be differentiable.

Example. Let X C C be an open subset, Y = {z € C :
|z] < 1}. Let

S ={f e YX: f holomorphic}

Theorem 21.7 (Cauchy Integral Formula).

oM Joz—a
If f is holomorphic, then the converse also holds.

Corollary 21.8. S is closed and equicontinuous. S is
also uniformly bounded, since

=
_—47'('2 C

f'(a) =

By Arzela-Ascoli, S is compact.

Theorem 21.9 (Riemann Mapping Theorem). Let U C
C be simply connected. Then there exists a bijective holo-
morphic map

f:U—={z:]z] <1}

Proof. (Idea)
and let

Let S be defined as before. Take x € U,

So={feS:flz)=0}cC S

which is closed and hence compact by Arzela-Ascoli. Con-
sider the function

So—>R

fr=1f1

We claim that this function is continuous (this is true by
the Cauchy Integral Formula). There exists some f € S
such that |f’| is as large as possible; we claim that this is
our desired function. |
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Lecture 22 — 10/25/10

Theorem 22.1 (Arzela-Ascoli Theorem). Let X be a lo-
cally compact space, let Q/, d) be a metric space, and let
F CMap(X,Y). Then & is compact iff

1. Yo € X, the set F, = {f(x)} ez has compact clo-
sure in Y.

2. F is equicontinuous.

Proof. Assume .7 is compact. We want to show that (1)
and (2) are satisfied. WLOG, simply take & = %.

F CMap(X,Y) 25 Y

is continuous since ev : X x Map(X,Y’) is continuous.
Hence, ev, (%) C Y is compact, which is condition (1).
It remains to be shown that % is equicontinuous. Fix
€ > 0 and take x € X. We know that every map f € .F is
continuous. This means that JU; g X, Uy > x such that
d(f(x), f(2')) < § for ' € Uy. By local compactness,
assume WLOG that U; has compact closure. Let

9(Uy) € Bs(f(x))}
V7 is open in Map(X,Y) and V; 5 f. Hence,

yQUVf

feF

Vi ={g € Map(X,Y):

so there are finitely many points
C U7,<’ﬂ sz Let

v=Us

i<n

F s compact
fi,--+, fn € F such that &

Note that if f €
If 2’ € U, then 3¢ such that

d(f (@), f(z)) < d(f(2), fi(z)) +

Z, then also f € Vy, for some i. Then

Be (fi(x))

d(f (), fi(z))

Hence, .# is equicontinuous.
Now assume that (1) and (2) hold. We want to show
that .# has compact closure in Map(X,Y"). Note that

Iy

zeX

F CMap(X,Y)C Y™ =

Give [[,cx Y the product topology, and let Z 1 be the
closure of # in [] .y Y; similarly, we will use ¢ to asso-

ciate with the compact-open topology We claim that %
is equicontinuous (and hence also .# 11 € Map(X,Y)).

24

Fix € > 0,2 € X. We want to find an open neigh-
borhood U C X,U > x such that d(f(x), f(z)) < €
for all f € Zp, o/ € U. Since .# is equicontinu-
ous, 3U € X,U > = such that d(f(z),f(z') < §
for any ' € U, f € #. Note that if f € Fp, then

there exists f € .Z such that d(f(z),f(z)) < § and
d(f(z"), f(2")) < 5. So
d(f(x), f(2") < d(f(2), f(2)) + d(f(2), f(z))
+d(f(a"), f(2))
< g + g + g

=€

Hence it suffices to show that Zp is compact in
Map g (X,Y). For suppose that this is so. Then % C
Map g (X,Y) is closed, and hence

Frv C Fn C Mapg(X,Y)

implies that .Z gy is compact since it is a closed subset
of a compact set, which is our desired conclusion.

First we will show that .Z C [[.ex Y is compact.
Recall that Vo € X, %, C Y has compact closure. Call
the closure of this set K, C Y. Consider

Fc k. c[[Y

zeX reX

By Tychonoft’s Theorem, [],.y K, is compact, and
hence closed. Thus, Fn C ane y K and hence is also
compact.

Finally, we will show that Map(X,Y’) and [[,.xY
determine the same topology on .#. We know that
Map(X,Y) — [[,ex Y continuously, so .Z gy — Fn
Thus, any subset U C .Z open is also
open w.r.t. Txy. Now let U C Zxy be open (w.r.t.
Tkv). We want to show it is also open for the product
topology. Let f € U; we will show that 3Uy C U, Uy > f
open w.r.t. 7.

WLOG, assume U is subbasic open. That is, assume
dK C X compact, W C Y open such that

U={ge 7 :g(K

For each z € K, since f(z) € W C Y, then Je, >0 :
B, (f(z)) € W. Equicontinuity of .Z yields V, C X
open, V, > z such that d(f(z), f(z)) < <% for all
feZ, o €V,. Clearly we have

continuously.

) S W}

Uwok
rzeK

We can choose a finite subcover given by x4, ...

UV 2K

i<n

’xﬂ
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Define

w:{gey:wgnd@%%ﬂﬂn<§}

open in .Z1; and containing f. To complete the proof, it
suffices to show Uy C U.

Say g € Us. Want: g(K) C W. It suffices to show
that g(V,) C W for every i. Say z € V,,. We will show
that g(r) € Be, (f(z:)) € W. We have that

d(g(x), f (i) < d(g(x), g(x:)) + d(g(z:), f(2:))
+d(f(z:), f())

n €3, n €x;
3 3 3

=€

€z,

<

So the compact-open topology and the product topology
determine the same topology on %, and hence .% is com-
pact, as desired. [ |

Lecture 23 — 10/27/10

Recall that a metric space (X, d) is compact iff

1. For every open cover U of X, 3¢ > 0 : Vo € X,
B(xz) C U for some U € U.

2. Ve > 0, there exists a finite covering of X by B..

Definition 23.1. Let (X, d) be a metric space. A Cauchy
sequence in X is a sequence x1,Zs,... € X such that
Ve > 0,IN e N:Vm,n > N,d(xm,x,) < €.

Note. Every convergent sequence is a Cauchy sequence.
Moreover, in R, the converse holds.

Definition 23.2. A metric space (X,d) is complete if
every Cauchy sequence in X is convergent.

Claim 23.3. FEvery compact metric space is complete.

Proof. Let (X,d) be a compact metric space. Say
T1,%2,... € X is a Cauchy sequence. Then some sub-
sequence j,, Ti,,... € X converges to . We can choose
Ny such that Vk > Ny, d(z;,,z) < §. Moreover, we can

choose Ny such that Ym,n > Na,d(zn,2m) < §. Then
Vn,i; > N = max{Ny, N»},

d(xp,x) < d(Tp, z4,) + d(xs,,7) <€
So x1,x2, ... converges also to . |
Definition 23.4. Let (X,d) be a metric space. Two
Cauchy sequences x1,Za,... € X and y1,ys2,... € X are

equivalent if Ve > 0,3N € N:Vn > N, d(zp,yn) < €.

Claim 23.5. This yields an equivalence relation.
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Proof. Easy. |

Definition 23.6. The completion of a metric space
(X, d) is the set of equivalence classes of Cauchy sequences

in X. We will denote the completion as X. Note that
X cxM

Note. There is a natural map X — X given by  —
TyXy ...
Claim 23.7. Let (X,d) be a metric space, (z;), (y;) € X

be Cauchy sequences. Define

dl((xl)v (yl)) = lim d(xnayn)

n— oo
We claim that this limit exists.

Proof. 1t suffices to show that Ve > 0, AN :Vn,m > N,

|d(xn7yn) - d(zmaym” <€
We can choose Ny such that Vn,m, > Ni,d(2y, Tm) < §;
we can choose Ny such that Vn,m > No, d(yn,ym) < §.
Take N = max{Ny, No}. Then Vn,m > N,
< d(@n, Tm) + d(Yn, Ym)
<e€ | |

Definition 23.8. We make X into a metric space with
the following metric

d(z,9) = d'((:), (vi))
for any (z;) € z, (yi) € ¥.
Claim 23.9. d is a metric.

Proof. We note that d'((x;), (y;)) =0 <= (z;) ~ (y:).
The proof is easy. |

Note. Note that our canonical map X — X is an isom-
etry

d(z,y) = d'((2), (y)) = d(z,7)
Claim 23.10. X is complete.

Proof. Choose a Cauchy sequence Z,,Ta,T3,... € X.
WLOG, we can represent each z; by a Cauchy sequence
(Ii,j)j such that
1 .
d(@ij,zig) <~ Vi >n
We claim that Z;,Z2,... converges to the equivalence
class of the Cauchy sequence 11,22, . .., which we will
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denote z. First, we will show that z;; is a Cauchy se-
quence. Fix € > 0. Choose N such that Vn,m > N,
d(Zp,Tm) < 5. Then Vn,m > N,

d(xn,rw xm,m) < d(xn,ru i‘n) + d(i'na jm) + d(jma xm,m)

1 € 1
<=+ -+ —

n 2 m
<€, 2

2 N

Note that this is an abuse of notation; when we write
Ty, and T,,, we actually mean some term sufficiently far
along in their representative sequences. WLOG, take N
such that % < §. Then d(Zn n, Tm,m) < €.

Now we must show that Zi,Zs,... converges to T.
Fix ¢ > 0. We can choose N; such that Vn > Ny,
A(Zp, Tnn) < % We can also choose N5 such that
Vn,m > Ny, d(Znn, Tmm) < 5. Take N = max{Ny, Na}
and n,m > N. Then

_ _ 1 €
d(l‘n,l') < d(J?n, mn,n) + d(xn,vuxm,m) < E + 5

Enlarging N gives us our desired conclusion.

Lecture 24 — 10/29/10

Claim 24.1. If X is complete and Y C X, then Y is
closed iff Y is complete.

Proof. Recall that Y is closed iff Vyi,92,... € Y con-
verging to x € X, we have y € Y. If Y is complete,
then {y;} is Cauchy and therefore converges to y € Y.
Soxz =y €Y. Conversely, if Y is closed and {y;} is a
Cauchy sequence in Y, then y; — z € X. If Y is closed,
x € 'Y and therefore {y;} converges in Y. [ |

Definition 24.2. Let (X, d) be a metric space. We say X
is totally bounded if Ve > 0, there exists a finite covering
of X by e-balls.

Theorem 24.3 (Heine-Borel Theorem). Let (X,d) be a
metric space. X is compact iff X is complete and totally
bounded.

Proof. We have previously proven the only if direction
(Theorem 7 so we will concern ourselves only with
the if direction. Assume that X is complete and to-
tally bounded. We want to show that every sequence
T1,%2,...X has a convergent subsequence.

Fix € > 0. We will construct a subsequence y1,ys, . ..
of (x;) such that d(y;,y;) <€, Vi, j. Choose a covering of
X by finitely many %—balls, Bi,...,B,,. Each x; € By
for some k. Then one of the By, must contain infinitely
many of the x;, which yields our desired subsequence.
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We can thusly construct a collection of subsequences
for e = 17%,%,...

T1,1,%1,2,%1,3,- - -

r2,1,22,2,22,3,- -

such that each (x,, ;) contains (z,41,) as a subsequence,
and such that d(2y,4,zn,;) < %,W,j. Consider the se-
quence Z1,%2.2,... € X. This is a subsequence of (z;).
If i < j, then

1

(i, 5,5) = d(@ii, Tik) < -
for some k, since the j-sequence is a subsequence of the
i-sequence. So (x;;) is Cauchy and hence convergent.
Thus, every sequence has a convergent subsequence, so
X is compact. |

Remark. Given a metric space (X, d), how can we char-
acterize the completion X? We might guess that X is
universal among complete metric spaces Y with X < Y.
That is, we might expect that, given a continuous map
f:X =Y, f extends uniquely to a map f: X — Y.
However, this is not the case. The function = ﬁ
is a continuous map Q — R, and it extends uniquely to a
map Q =2 R — R, but this extension is not continuous.
We want to be able to choose T € X and represent it
by a Cauchy sequence (x;). Consider f(z1), f(x2),.... If
this converges to a point y, we may set f(Z) = y. But
as in the previous example, the sequence f(z1), f(z2),. ..
may not be Cauchy, or it may depend on the choice of

representative {x;}.

Definition 24.4. A function f: X — Y between metric
spaces (X, dx), (Y,dy) is uniformly continuous if

(Ve > 0)(35 > 0)(Vz, 2" € X)
(dx(z,2') <6 = dy(f(z), f(z')) <€)

Proposition 24.5. Let f : X — Y be a uniformly
continuous map between metric spaces (X,dx), (Y, dy),

where Y is complete. Then f extends uniquely to a map
f: X =Y.

Proof. We will abuse notation and denote all metrics d;
their meanings should be clear in context. Let z1,zo, ...
be a Cauchy sequence. We want to show f(x;)’s are
Cauchy. Fix ¢ > 0. We want to find n € N
d(f(x:), f(zj)) < € for i, > n. By uniform continu-
ity, 30 > 0 : d(z,2") < § = d(f(x), f(z)) < e. We need
n € N such that d(z;, z;) < ¢ for ¢,j > n. But this is true
for n > 0 since (z;) is Cauchy.
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Choose T € X and represent it by a Cauchy sequence
(x;) € X. Then f(x;) € Y is Cauchy and hence conver-
gent to some point y € Y since Y is complete. Define
f:X =Y toextend f by

f@) =y

First, we must show that f is well-defined. Suppose
that (x;), (z;) are both representatives of Z. Fix e > 0.
We want n € N : Vi > n,d(f(z;), f(z})) < e. It suffices
to show that Vi > n,d(z;,2;) < 6. This is true since
(x;) ~ (). Hence, f(x;) ~ f(x}), as desired.

Finally, we must show that f is uniformly continuous.
Take 7,7 € X, and let (z;),(x}) be respective repre-
sentatives. Fix € > 0. Then there is 6 > 0 such that

d(wi,27) <8 = d(f(2:), f(2})) = d(f(=:), f(2}) < 5.
If d(z,T') < 4, there is some n > 0 such that Vi > n,
d(z;,x}) < 6. Thus, taking limits

- - €
A7), F@) < & <
So f is uniformly continuous. |

Proposition 24.6. Let X be a metric space, leti: X —
X' be a uniformly continuous map, where X' a complete
metric space such that VY complete, X — Y, every uni-
formly continuous function extends uniquely as

x— .y

L7

X/
Then X' =2 X.

Lecture 25 — 11/1/10

We want to formalize the following notion:

1. Consider polynomials f(x) = ag+ajx+---+a,z™.
“Generally, the roots of f are distinct.”

2. Consider two lines, L = {(z,y) : ax + by = ¢} and
L' ={(z,y) : d'z +Vz = }. “Generally, L and L’
intersect in one point.”

Remark. One way to do this is measure theory. Assign
to each set S a “measure” p(S) such that pu(S) =0if S is
in some sense “small,” and where p(SUS’) = u(S)+u(S").

Remark. We can also take a topological approach. We
observe that, in general, open sets (that are nonempty)
have many points. We want additionally to demand some
property stronger than being nonempty, such that inter-
secting “large” sets preserves “largeness.” Recall that
if X is a topological space, a subset S C X is dense if
S = X. A better formulation of our idea is that dense
open sets are large.

Claim 25.1. IfU,V C X are dense and open, then UNV
is dense and open.

Proof. UNYV is certainly open. Let W be a nonempty
open set in X. U N W is nonempty and open. Then
UNWNV #0, or in other words, (UNV)NW # 0, as
desired. ]

Remark. The condition of containing a dense open set,
however, is too restrictive. The intersection of a countable
collection of dense open sets need not be open, though it
often is dense.

Definition 25.2. A topological space X is a Baire space
if any countable intersection of dense open sets is dense.

Theorem 25.3 (Baire Category Theorem).
1. Any locally compact Hausdorff space is Baire.
2. Any complete metric space is Baire.

Proof. Let X be locally compact Hausdorff.  Let
Ui,Us,... € X be dense open sets. Let V C X be
nonempty. We want to show that VN U NUs N --- # 0.
We know U; NV # (. Then there exists a nonempty
open set V; such that V is compact and V; C U; NV.
ViNUsy # ), so there is a nonempty open set V5 such that
Vo C Vi NUs is compact. We get a sequence of sets

VoV, CU;
Vi 2Va CUsy
VoD V3 CUs;

NV: # 0 by compactness of Vi, so we can choose
r €\ V;. Then x € V, 2 € U; for all i.

Now assume that (X,d) is a complete metric space.
Let U;,V be as above. Then U1NV #£ @, so 3z, € Uy N V.
There is €; > 0 such that Bz, (x1) € Uy NV; WLOG,
e < 1. Define Vl = B€1 (171) Vl N U2 7é @, SO
dxe € V1 NU;, Jeg > 0,63 < % : 3262(1'2) C ViNVsy. De-
fine Vo = B, (22). We get a sequence of points z1, za, . . .
and positive real numbers 0 < ¢; < % such that, defining
V; = B, (), we have

VOVi2VeD-r, V,CU =V, CU;

The sequence x1,xs2,... is a Cauchy sequence, since
. . . 1

Vi<j, x5 €V; CVp = B, (2;), 50 d(xi,z;) < € < 5. By

completeness, the sequence x1, xo,... converges to some

z € X. We have

d(z;, ) = lim d(x;, z;) < ¢ < 2¢
j—o0

Then = € U; for every ¢, and x € V. ]
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Definition 25.4. Let X be a topological space (usually
Baire). A set S C X is generic if there exist dense open
sets Uy, Us, ... such that S O N Us.

Corollary 25.5. If X is Baire, any generic subset is
dense.

Definition 25.6. Let X be a topological space (usually
Baire). A set S C X is meagre if X — S is generic.

Definition 25.7. Let X be a topological space. A set
A C X is nowhere dense if ANV is not dense in V for
any VC X.

Note. Let X be a Baire space. An open set U C X is
dense and open iff X — U is closed and nowhere dense;
that is, (X —U) NV is not dense in V for any V. A
meagre set, therefore, is a set S C |JY; where each Y is
closed and nowhere dense.

Note. A countable union of meagre sets is meagre, and
a countable intersection of generic sets is generic.

Example. There exists a decomposition R = AUB where
A has Lebesgue measure zero and B is meagre. These two
notions of “smallness” are incompatible.

Lecture 26 — 11/3/10

Recall that a continuous bijection f : X — Y between
topological spaces need not be a homeomorphism; that
is, f~! need not be continuous. Equivalently, for any
U C X open, f(U) need not be open, and for any K C X
closed, f(K) need not be closed.

Definition 26.1. Let f : X — Y be a continuous map
between topological spaces. f is open if VU C X open,

f(U) C Y is open. Similarly, f is closed if VK C X
closed, f(K) CY is closed.

Note. If f: X — Y is a continuous bijection, TFAE:
1. f is a homeomorphism.
2. f is open.
3. f is closed.

Example. Let X be a compact topological space, Y a
Hausdorff space. Then any continuous map f: X — Y
is closed.

Proof. If K C X is closed, K is compact. Then f(K) is
compact in Y, and hence closed. |

Corollary 26.2. Let f : X — Y be a continuous bijec-
tion between topological spaces. If X is compact and'Y is
Hausdorff, f is a homeomorphism.
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Example. Let X,Y be any topological spaces. Then the
projection maps 7x : X XY - X and 7y : X XY —» Y
are open.

Proof. Let UCX x Y. Since nx(UUs) = Urx(Ua),
assume WLOG that U is basic open. Then U =V x W' :
V C X open and W CY open. Hence,

W =
7TX(U){(?/ W#g

and thus is open. By symmetry, 7y is also open. |

Note. Projection maps are generally not closed. Let
X =Y =R, and let K = {(x,9) : 2y = 1} C R2
Then 7x (K) = R — {0} which is not closed.

Proposition 26.3. Let X,Y be any topological spaces,
Y compact. Then the projection map 7x : X XY — X
is closed.

Proof. Let K C X xY be closed. We want to show that
mx (K) is closed, or equivalently that U := X —nx (K) is
open. Then

U={zeX:VyeY (z,y) ¢ K}

Say © € U. Then Yy € Y,(z,y) ¢ K. Since K is
closed, WLOG, for each y, there is a basic neighborhood
V, x W, given by V,CX,V, 3  and W, CY,W, > y
such that V,, x W, N K = (. The sets {W,} cover Y
and hence admit a finite subcover Wy,, W, ,..., W, . Let
V=V,n---nV,,. Clearly z € VCU. If 2/ € V, since
every y € Y is in some W,,, then (2/,y) € V,,, x W,,, and
hence (2/,y) ¢ K. This shows that U is open, and hence
mx (K) is closed, as desired. [ |

Corollary 26.4. There exists a function f :[0,1] - R
that is continuous but nowhere differentiable. Moreover,
the set

S = {f € Map([0,1],R) : 3z € [0, 1), i—{ is defined at x}
18 meagre.

Proof. For each n, define E,, C Map([0, 1], R) by

E, = {f € Map([0,1],R) : (Eix €[0,1— %])

1
(Ve < E) (|f(z+e) = flz)| < ne)}
We will make three claims:

1. If f is differentiable at any point x € [0, 1], then
f € E, for some n.

2. Each E,, is closed.

3. Each F,, is nowhere dense.
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These imply that the collection S of somewhere-
differentiable functions is contained in |J F,,, which is a
countable union of closed, nowhere dense sets, and hence
S is meagre in Map([0, 1], R) (since it is complete).

1. Suppose 4L

qr exists at ¢ = x and takes the value c.
Then Je > 0 : [f(z 4+ €) — f(x)] < 2|c|e for small
enough €, and hence for ¢ < % for some n. Let

n > 37e7- Then f € Ep.
2. Define K,, C Map([0,1],R) x [0, ] x [0,1 — 4] by

Kn ={(f,&,2) - [f(x +€) — f(2)| < ne}

Note that K, is closed. f € E, iff 3z € [0,1 — ]
such that Ve € [0, 1], (f,z,€) € K,,. Let us define

A, € Map([0,1],R) x [0,1 — %] by

1

The complement of A, is the image of the com-
plement of K, under the relevant projection map.
The projection map is open, and hence A,, is closed.
E, is the image of A, under closed projection (the

projection map is closed since [0,1— %} is compact).

3. We claim it suffices to show that E,, does not con-
tain any nonempty open set U. For suppose this is
the case, and suppose that F,, is not also nowhere
dense. Then 3V C Map([0, 1], R) such that E, NV
is dense in V. But since E,, is closed, F, NV is
densein Vit E,NV =V «<— V CE,. =><«.
Suppose 3U C E,,. Choose f € U. Then Je >0 :
B.(f) € U. Since f is continuous and [0,1] is
compact, f is also uniformly continuous. Hence,
36 >0:|z—2'| <6 = |f(z)—f(2)| < §. WLOG,
6= % for some N € N. Let g be a piecewise linear
function [0,1] — R which agrees with f on # for
0<i<N. Ifzel01], e L, 3L for some i.

N’ N
Then
l9@) = F@)] < Jg@) ~ ()| + |1 () = f@)]
<|rE - 1)) + 5
< %
-3
<€

Hence, B.(f) 2 B/3(g). Let

fn(z) :==g(x) + %sin(NQx)

For N >> 0, we know that fy(z) € B./3(g). But for
very large N, we must have fn(z) ¢ E,. So E, is
nowhere dense.

By our above argument, this completes the proof. |

Lecture 27 — 11/5/10

Consider the problem of trying to define log : C 5 c.
This is not possible, even as a map from C* — C (where
C* = C —{0}). What properties can we try to preserve?

i dlog(z) 1
0z 2
2. log(1) = 0.

We want to show, roughly, that these properties deter-
mine logz up to a constant. Specifically, taking any
z € C, choose a smooth curve C' between z and 1 not
passing through 0, and define

/1
log z = -
c r

We want to eliminate ambiguity by choosing C' to be a
line, but this is not always possible (since it might pass
through 0). Instead consider the semicircle 6 +— e, If
z = €%, this gives log z = 46, which yields log(—1) = in.
But if we instead take 6 — e~ we get log(—1) = —ir.
The problem is that there is a “hole” in C*, and there
are different ways to “go around” this hole. We begin our
foray into algebraic topology by trying to formalize this
problem.

Definition 27.1. Let X be a topological space. Recall
that a path in X is a continuous function p : [0,1] — X.
We say p is a path from p(0) € X to p(1) € X.

Recall also that X is path-connected if Vz,y € X,
Jp : [0,1] — X a path such that p(0) = z, p(1) = v.
More generally, define ~ on X such that x ~ y if there
exists a path p from z to y. We say that z,y € X are in
the same path component if z ~ y.

Claim 27.2. ~ is an equivalence relation.
Proof.
1. & ~ x. We can choose the constant function taking

[0,1) = {=}.

2. x~y=y~uxz Ifp:[0,1] — X satisfies p(0) = x,
p(1) =y, set q(t) = p(1—t), which satisfies ¢(0) = y,
q(1) = =.

3. x ~y,y~z=—x ~ z. Let p be a path between x
and y, and g a path between y and z. Define

This shows that a path component in X is an equivalence
class under ~. ]

Note.

1. Any topological space X is the union of its path-
components, each of which is path-connected.
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2.Ifx ~y, Ip: 0,1 = X, p(0) = z, p(1)
Then V¢t € [0,1], p(t) ~ =z.
0,1] = {ae X :a~zx}.

= y.
Hence, p is a map

3. The topology on X cannot be recovered from
the topology of path components (c.f. disjoint
clopen sets, disconnected subspaces, topologist’s
sine curve), but often can be in practice.

Definition 27.3. Let X be a topological space, x,y € X.
The path space P, ,(X) is defined by
Py (X) = {p € Map([0,1], X) : p(0) = z, p(1) = y}

P, ,(X) inherits the topology on Map([0,1], X). Simi-
larly, the space P, ,(X) is called the loop space at x.

Definition 27.4. Two paths p,q : [0,1] — X with
p(0) = ¢(0) = z, p(1) = q(1) = y are homotopic if p, g lie
in the same path component of P, ,(X). Equivalently, 3
a path

A:[0,1] = P, (X)

with A(0) = p, A(1) = ¢. X gives the same data as a
continuous map

h:[0,1] x [0,1] - X
For each t € [0,1], A(¢) is a path t — h(s,t)
e \(0) = p means h(0,t) = p(t) for s € [0,1].
e \(1) = g means h(1,t) = ¢(t) for s € [0,1].
e h(s,0) =z for all s € [0,1].
e h(s,1) =y for all s € [0,1].
We say that h is a homotopy from p to g.
Definition 27.5. Let X be any topological space. Define
moX = X/~

to be the set of path components. Homotopy is like-
wise an equivalence relation, and we call the equivalence
classes under homotopy the homotopy classes, denoted
[p] € moPyy(X) for p € Py, (X).

Definition 27.6. Let X be a topological space. The

fundamental group of X at the base point x € X is

m (X, ) = 1Py o (X)
the set of loops starting and ending at z, modulo homo-
topy.

Observation 27.7. Let f : X — Y be a continuous
map of topological spaces. If z,2’ € X :  ~ 2/, then
f(z) ~ f(2'). Thus, f induces a map

’/ToX — 7TOY
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Note. The fundamental group 71 (X, x) depends on the
choice of base point x € X, but this dependence is
minimal if X is path connected. Suppose so, and say
p:[0,1] = X is a path, p(0) = z, p(1) = y. This gives a
map

Ppo(X) = Py y(X)

that takes A € P, ,(X) to X € P, ,(X), where X is de-
fined by

p(1=3t) 0<t<3

— 1 2
Nt)=qABt-1) 3<t<3
p(3t—2) 2<t<1

It is left as an exercise to show that A\ — )\ is continuous.
This gives a map

m(X,2) = 1Py »(X) — moPy (X)) = m(X,y)

The maps 71 (X, z) = m(X,y) and 71(X,y) — m1(X, 2)
induced by p and p~! are themselves inverses. See Propo-
sition [28.0)

Lecture 28 — 11/8/10

Recall that if X is a topological space, and z,y € X,

Py = {p € Map([0,1], X) : p(0) = z,p(1) =y}

is the collection of paths from x to y, and is a topological
space w.r.t. the compact-open topology. Recall also that

ToPoy = Poy/~
denotes the set of homotopy classes of paths from x to y.

Claim 28.1. Consider the topological space C*. Then the
paths from 1 to —1 given by the upper and lower semicir-
cles are not homotopic.

Definition 28.2. Let p, ¢ : [0,1] — X be paths such that
p(1) = ¢(0). Define the product px ¢ : [0,1] = X by

(p*q)(t) = {

1
p(2t) 0<t<3
qg2t—1) i<t<1

Note that this is just the concatenation of p and ¢, taking
both paths at double speed.

Claim 28.3. p* q is continuous.

Proof. Left as exercise. |

Claim 28.4. By the above definition, we get a map
p:Ppy X Py, — Py,

W 18 continuous.
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Proof. Left as exercise. |

Remark. p induces a map

7T0(Px’y X Py,z) = WO(Pz,y) X 7T0(Py7z) — 71'0(P

z,z)

That is, if p ~ p’,q ~ ¢’, then p* ¢ ~ p' * ¢'. Hence, * is
defined also for homotopy classes, by

[p] * [q] = [p *q]

Proposition 28.5. (X, x),
W, 18 a group.

along with multiplication

Proof. Define the path 1 by

1:00,1] — X
t—x
We claim that 1 is a left and right identity in 71 (X, ).

To show that 1 is a right identity, we need to show that
Vp € Pyy,p*l~p.

2 0
<p*1><t>={§( N

We define a map h : [0, 1]

IAIA
(S

Xb

<

x [0,1] —
ho, 1) — {p«z —5)t)

We have h(0,t) = (p*1)(t) and h(1,t) = p(t), and also
h(s,0) = h(s,1) = x, so h is a homotopy from p* 1 to p.
The proof that 1 is a left identity is similar.

Now we claim that every element of m1(X,z) has a
two-sided inverse, and in particular, this inverse is given
by the path

IN

1

0<t
L <

—

2
<

~+

p(t) =p(1—1t)

We want to show that p *p and p * p are homotopic to 1.

p(2t)

(p*p)(t) = {p(2 o

0<t<3
1
$<t<1
X

We make a map h:[0,1] x [0,1] —

— ol oe O
IA A IA

Nl ~ & T
~ }—‘w\»—‘[\"“”

IAIA A IA
IN

Ll V[V

Note that h(0,t) = (p*p)(t) and h(1,t) = 1(¢), and also
h(s,0) = h(s,1) =z, so h is a homotopy from p * p to 1.
The proof for p * p is similar.
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Finally, we want to show that u is associative. We
claim that (pxq)*r ~ px(gxr) for all p € Py 5, q € Py y,
rec b, ..

p(4t) 0<t<i
(prq)xr=QqMt—1) +<t<i
(2t—1) 3<t<1
whereas
p(2t) 0<t<i
pr(gxr)=qqat—2) L<t<3
r(4t—3) 3<t<1
We make a map h: [0,1] x [0,1] = X
(4 — 2s)t) 0<t< 25
h(s.t) = § a(4(t = 25)) S R
m&+2$@—i—¥;» Pt St<1
We have h(0,t) = ((pxq)*r)(t) and h(1,t) = (px(g*r))(¢),

and also h(s,0) = w, h(s,1) = z. Hence, h is a homotopy,
which completes our proof. |

Proposition 28.6. Let p € P, ,(X). The map
op (X, ) — (X, y)
[q] — [p] * [q] * [p]
determines an isomorphism of groups.

Proof. First we claim that ¢, is a homomorphism of

groups; that is, ¢, ([q] * [¢']) = ¢p([a]) o p([d])-
ep(la] * [¢']) = [P] * [q] * [¢'] * [p]
= ([p] * [a] = [p]) * ([P] * [¢] * [p])
= @p([ D © ‘Pp([q/])

Then we claim that ¢, is bijective. It has an inverse
pp m(X,y) = m(X, z)
For [¢q] € m (X, z),

This completes the proof.

Note. If X is path-connected, this means the choice of
base point for the fundamental group is irrelevant, up to
isomorphism. However, it is important to note that this
isomorphism is not canonical; it depends on the path p.
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Lecture 29 — 11/10/10

Recall that we cannot properly define a map
log: C* — C

since we get, for instance 0 = log 1 = log e?>™* = 2mi. How-
ever, exp : C — C* is well-defined. We want to formalize
the notion that exp almost has an inverse, as described
before. Moreover, we want to describe the fundamental
group 71(C*, 1) by considering an action on the set

exp {1} = {(2wi)n : n € Z}

Definition 29.1. Let f : X — X be a map of topologi-
cal spaces. We say that f is a covering map if every point
x € X has a neighborhood U such that

oy =11,
seS

the disjoint union of open sets Uy, each mapped homeo-
morphically to U by f. We call X a covering space.

Note. It follows immediately from this definition that a
covering map is a local homeomorphism. Note also that

FUU)Y=U xS

where S is taken with the discrete topology.
Example. Consider exp : C — C*. Let
U={z:]z—-1] < 1}

We can define log : U — C by the formula

22 28

log(1 — 4
og(l+2)==z 2—|—3

Write log(U) =V C C. Then we get

exp '(U) = | J(V +2min) 2V xZ=U x Z
nez

Observation 29.2. If S has a single element for every z,
then f is a homeomorphism. This is true because cover-
ing maps are local projections, hence open, and therefore
homeomorphic if bijective.

Definition 29.3. Let f: X > Xbea covering map, let
x € X. The fiber of x is the set f~'{z} C X. Note that
all fibers are discrete.

Definition 29.4. Let ¢ : X — X be a continuous map
of topological spaces. Let f :Y — X also be a continu-
ous map. A lifting of f is a map f : Y — X such that

pof=Ff.

<2

N
—
©

b

Theorem 29.5. Let f : X > Xbea covering map, let
r € X, and let p € P, (X). Choose & € f~*{z}. Then

1. p lifts uniquely to a path p : [0,1] — X such that
5(0) = &.

2. The fundamental group m (X, x) acts on the fiber
f~Ha} by the monodromy action,

p(1)

Proof. For now, we assume (1).
to show the following:

z[p]

To show (2), we want

1. p(1) depends only on [p] and Z, not on p.
2. p(1) = Z if p is the constant path ¢ — .

3. If [p], [q] € m (X, z), then (Z[p])[q] = Z[p * q].

We first prove 2. Let 1 :[0,1] — X be the constant
path, given by 1(¢t) = z. By (1), this lifts uniquely to
1:]0,1] = X, which is given by 1(t) = &. Hence,

] =101) =%

Now we prove 3. Say p,q € P, ,(X). What is p * ¢?
Let ' = p(1), making p a path from Z to &’. Let ¢’ be a
path from 7’ to #” (with f o ¢ = q). The product p * ¢’
is well-defined, starts on Z, and does indeed lift p * ¢:

~/

P*¥q=p*q
Thus, we have,

r =

[p*qlT = t'[q] = (Z[p])[q]

We leave the proof of 1 and (1) for later. |

Observation 29.6. Let f : X — Y be a continuous
map between topological spaces, x € X. Then f induces
a continuous map Py »(X) — P, f(2)(Y) by composi-
tion, and hence a map

mi(f) : m(X,z) = m (Y, f(2))

This is a group homomorphism, called the induced

homomorphism, and the proof is left as an exercise.
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Observation 29.7. Let f : X > Xbea covering map,
x € X. Choose & € f~1{x}, and let H; be its stabilizer
under the monodromy action in 71 (X, ).

H; ={[p] € m(X,z) : Z[p] = &}
Equivalently, p(1) = & = p(0). So Hz = im(m(f)), the
image of the induced homomorphism

m(f) (X, 7) = m(X,2)

Observation 29.8. If X is path-connected, then
the monodromy action is transitive. For given any
#,# € f~'{x}, there is a path p : [0,1] — X from Z
to 2. Hence, ' = Z[f o pJ.
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Lecture 30 — 11/12/10

Theorem 30.1. Let X be a topological space, x € X,
f:X — X a covering map, p € Py »(X). Then the fun-
damental group 71 (X, ) acts on f~{x} via the formula

Z[p] = p(1)
where §: [0,1] = X, with p(0) = &, lifts p uniquely.

Theorem 30.2 (Homotopy Lifting Property). Suppose
that f : X — X is a covering map, K a compact topolog-
ical space. Let p : [0,1] x K — X be a continuous map.

Let po : K — X be any map such that

fopo=plioyxx

or, equivalently, such that po lifts the map pg : K — X
given by po = plyoyx k- Then there exists a unique map

50,1 x K — X

such that ployxx = Po, and which lifts p.

Proof. (of Theorem . Assume that the homotopy
lifting property holds. By taking K to be a point, we find
that p exists and is unique for every lift & of the point z.

Moreover, we learn that if p,q € P, ,(X) are homo-
topic, then p and ¢ are homotopic as well. For sup-
pose that h : [0,1] x [0,1] — X is a homotopy be-
tween paths p and g. Then h lifts uniquely to a map
h:[0,1] x [0,1] = X. So we have

We know that p(t) = h
also have ¢(t) = h(1,t).
between p and ¢, so

(0,t), and by uniqueness, we now
Hence, h is indeed a homotopy

which completes our proof. |

Lemma 30.3. For every t € [0,1], there exists an open

interval U 3 t such that V' € U and Vpy : K — X any
lift of the map py : K — X given by py = plipyxk,
3G : U x K = X such that q lifts pluxx

foq:p|U><K

and G|y« x = Prr-

Proof. (of Lemma). Fix t € [0,1]. For each a € K,
p(t,a) € X. Since f : X — X is a covering map, we can
choose a neighborhood V,, 3 p(t, a) such that

)= Ve
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By continuity, p~1(V, a) 2 U . for some U, € [0,1],
U, > t, and some W, QK W

We can write
— U w,

acK
By compactness, there are points ai,...,a, € K such
that
K=W, U---UW,,
Take

We know that U C[0,1] and ¢t € U. We claim that U is
our desired open set. B

Say t' € U, and suppose py : K — X is given. We
want to construct ¢. This problem is local on K; that is,
it suffices to construct ¢; = Q'|waai for each 7. We define

G Ux W, — X by
di (t,7 CL)

Note that, by construction, we have f=1(V,,) = [[Va,
and p(U x Wy,) C Vq,. Thus, py|w, must define a map

= pr(a)

p~t’|Wai : Wai — f_l(Vai) = Vai xS

This map is given by p|yyxw, and some continuous map
v : W,, — S. Hence, our map

tU X W, — Vo, x S 7YV, )CX

is determined uniquely by

plUXWai : U X Wai — Vai

in one component, and by
Ux W, W, %8

in the other.
The maps ¢; and G; agree on (U x Wo,) N (U x Wy,)
by uniqueness. Hence, the g; glue to give a map

G:UxK— X

with ¢(t,a) = ¢;(t,a) when a € W,,. The continuity of ¢
is left as an exercise. [ |

Proof. (of Homotopy Lifting Property).
For each t € [0, 1], choose U; as in the Lemma. Then

U
t€[0,1]
By compactness, we can choose ti,...,t, € [0,1] such
that
[0,1] =

Uy, U - U U,
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Then we can choose points
O0=s5p<s:1<---<s,=1

such that Vi < n,[s;, si11] € Uy, for some j.
Let pg : K — X be given. By the Lemma, we can
extend pg to a map

]50,1 : [80,81] x K — X

such that po1(so,a) = po(a) and fpoi(s,a) = p(s,a)N.
Then we can choose another map p1 2 : [s1,52) X K — X
with p12(s1,a) = Po,i(s1,a) and fpi2(s,a) = p(s,a).
Continuing in this way, we get maps

Diji+1 : [5iy8i41] X K = X
such that

Diji+1(8i,a) = Pi—1,i(si,a)  and  fp;ir1(s,a) = p(s,a)

We define

B(s,a) = Piisi(s,a),  where s € [s;, 5i41]

By counstruction, p(0,a) = pp(a), and by the Lemma, p
is unique. The proof that p is continuous is left as an
exercise. ]

Let f: X > Xbea covering map, € X, and choose
Z € X such that f(Z) = z. Then we have the induced
homomorphism

m(f): 771()?,53) — m (X, x)
Recall that
im (7 (f)) = {[p] € m (X, %) : Z[p]

is the stabilizer of Z.

z}

Proposition 30.4. m(f) is injective; equivalently, there
is an isomorphism

7T1(5(i,1~7) = H,;

where Hz is the stabilizer of .

Proof. Let p € Py z(X), p= fop. Assume [p] is trivial
in w1 (X, z). Then there is a homotopy h for the constant
path x and our path p. By the homotopy lifting property,
we can lift h to a homotopy h : [0,1] x [0,1] = X. his a
homotopy from p to the constant path z, so

[ﬁ] € 71-1(52"7?)

is trivial. Thus, ker(s(f)) is trivial, and hence, m(f) is
injective. |

Lecture 31 — 11/15/10

Recall that if f : X5 Xisa covering map, then
1. m (X, ) acts on f~1{x}.

2. The stabilizer of any given element 7 € f~1{z} is
™ (X, 53)

Definition 31.1. A topological space X is simply

connected if X is path-connected and m(X,x) is triv-
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ial (a condition which does not depend on z by path-
connected).

Observation 31.2. If X s simply connected, then
m(X,%) = 0 for every & € f~1{z}. Hence, the mon-
odromy action is simply transitive, yielding a bijection of
sets

(X, 2) «— f~Ha}

Example. Consider the covering map
exp:C — C*

The space C is simply connected since any two paths p
and ¢ are homotopic by the homotopy

h(s,t) = sp(t) + (1 — s)q(t)
Since exp {1} ~ 2miZ ~ Z, by the above, we get
m(C* 1) +— Z
Example. Consider the 1-circle
St={zeC:|z|=1}
and the covering map given by

6:R— S*
t s i
For any z € S*, we have
m(Sh ) e 0 Hr} ~ 2

Remark. One way to obtain covering spaces is via group
actions. Let G' be a group acting on a topological space
X. We want for X := X /G to be a topological space and

X —X/G=X
a covering map.
Example.
1. LetX:R,G:Z. G acts on)A(:by
GxX — X
(n,t) —t+n

X :=X/G~ 5 and X — X is a covering map.
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2. LetX:C,G:Z. G acts on X by
GxX—X
(n,z) — z + 2mwin
X = )~(/G ~ C*, and X5 Xisa covering map.
Remark. An action of G on X is a map
a:GxX—X
such that
1. a(1,%) = Z.

2. a(g,a(g’, 7)) = a(gg’, 7).

We want group action to respect topology in some way;
that is, we want it to be continuous. Equivalently,
Vg € G, we want the map Z — a(g,Z) to be continu-
ous.

Definition 31.3. Let Y,Y” be topological spaces and let
p:Y — Y. We call p a quotient map provided that
UCY'iff p~*(U) CY. Note that this is a strictly stronger
condition than continuity.

Definition 31.4. Let Y be a topological space, A any set.
Let p: Y — A. There is a single topology on A relative
to which p is a quotient map; this topology is called the
quotient topology, and is given by U C A if p~1(U) cy.

Note. Suppose that {U,} are open in A.  Then
p Uy Ua) = Uy p 1 (Ua), so JU, is open. The same
is true for finite intersections.

Definition 31.5. Let Y be any topological space, ~ be
an equivalence relation on Y. Consider the map

p:Y —Y/~
y—y
Equipping Y/~ with the quotient topology w.r.t. p yields
a quotient space.

Note. Let Z be any set. Then givingamap f:Y/~— Z
is equivalent to giving a map f’ : Y — Z such that

1. f'(a) = f'(b) when a ~ b.
2. f(z) = f'(T).
3. f'=fop.

Claim 31.6. If Z has a topology, f is continuous iff f'
18 continuous.

Remark. Returning to our discussion of covering spaces,
we find that X /G inherits the quotient topology, and the
map X X /G is continuous. However, it is not usually
a covering map.
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Example. Let X =R,G=Q. G acts on X by
GxX—X
(g, t) — t+q

R/Q inherits the quotient topology. We claim that this
is the trivial topology.

We know there is a bijection between open subsets
of R/Q and open subsets of R that are invariant under
translation by Q. But there are no such proper subsets
of R. For suppose that U C R is invariant. If U # (), then
UD(t—et+e) for somet € R,e>0.

Choose ¢ € Q such that ¢ € (t — §,t 4 §5). For any
t" € R, we can choose ¢’ € Q such that |¢' —#'| < §. Then
t'—q¢ +qe(t—et+e) CU. Hence, t' € U,s0 U =R.

This does not yield a covering map.

Definition 31.7. Let G be a group acting on a topolog-
ical space X. We say the action is topologically free or

properly discontinuous if Vz € X , there is U € X such
that U 3 = but

Vge G,g#1,UNgU =10

where gU = {y € X : y = gy fory/ € U}.
Example. Z O R is topologically free, since

(L)1)

22 22
But Q O R is not topologically free.
Theorem 31.8. Let G be a group with a topologically
free action on a space X. Let X = X /G. Then the map
p: X — X is a covering map.

Proof. Let € X. Choose # € X such that p(i) = z.
Choose U C X,U > 7 such that Vg # 1,U N gU = (. We
claim that p(U) is an open subset of z.

We prove a more general claim, that p : XX /G is
an open map. If V C )?, then

P (V) = 9V

geG

which is a union of open sets, and hence is open. So
p(V) C X /G since p is a quotient map.
We claim that p~!(p(U)) C X is an even covering of

p(U) 3 z. Note that
p W) = JoUu =[] oV

geG geG

We claim that the map gU — p(U) is a homeomorphism.
We know that gU contains at most one point of each or-
bit, else gU would not be disjoint from each ¢’U. Hence,
gU and p(U) are in bijection. But we also know that p is
continuous and open. Thus, gU = p(U), and hence p is
indeed a covering map, as desired. |
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Observation 31.9.

1. The action of G is simply transitive. For consider
gU and ¢'U; the element ¢'¢g~! € G takes gU to
g'U, and it is unique by proper discontinuity. It
follows that g acts as a homeomorphism on X.

2. The action of G and the monodromy action com-
mute

(97)[q] = 4oz (1) = (g0 2)(1) = g(Zq))

since Ggz and g o ¢z are both lifts of ¢ starting at z,
and hence are unique.

3. By our first observation, given & € )?, x =p(&), we
get
p Hay={9z:9€ G} ~G

Hence, the monodromy action of (X, ) gives a
map
p:m(X,z) — G

which takes a path [g] to the element g, € G such
that g,& = Z[g]. Then this map ¢ is a homomor-
phism, for we have

If X is path-connected, then the monodromy ac-
tion is transitive, so this map is surjective. If X
is simply connected, then the monodromy action is
simply transitive, so this map is an isomorphism,

m(X,2) ~ G =~ p~H{z)
Example. 71(C* 1) ~ Z is a group.

Lecture 32 — 11/17/10

Definition 32.1. Let X be any topological space. A
universal cover of X is a simply connected space that
covers X.

Definition 32.2. Let X be a topological space. X is
semilocally path-connected if Vo € X, VUCX :U > z,
JVCX :V C UV > x such that every point y € V is
connected to x by a path in U.

Claim 32.3. Let X be a topological space. TFAE:
1. X is semilocally path-connected.

2. YU C X, the path components of U are open.

Proof. The proof is trivial. |

Observation 32.4. If X is semilocally path-connected,
so is any covering space of X, since both of these are local
properties. Also note that path-connectedness and con-
nectedness are equivalent in a semilocally path-connected
space, as are their respective components.

Proposition 32.5. Let X be a topological space that
is both semilocally path-connected and simply connected.
Then every covering space of X is homeomorphic to X x.S
for some set S.

Proof. Let f: X = X bea covering map. Note that X
is a disjoint union of open path components by semilocal
path-connectedness. So WLOG, assume that X is path-
connected. Then the monodromy action of m (X, z) is
transitive. But m1(X,2) = 0, so f~*{z} has only one
point. Hence, X~ X. ]

Corollary 32.6. Let X be semilocally path-connected.
Let X be a universal cover of X with covering map

fi(X,8) = (X,2)

Then for any covering map [’ : X' = X and any point
¥ € f'=Ya}, there is a unique map g : X — X' such
that g(Z) = &' and the following diagram is commutative

X

IS

X/T)X

Proof. Consider the fiber product
Y =X xx X' ={(a,b):ae X,be X', f(a) = f'(b)}

The projection map f Y — X is a covering map. Since
X is simply connected, Y = X x S, and in particular we
find that S = f~1{z}.

Note that giving a map ¢ : X — X’ such that
f'og = f is equivalent to giving a map ¢’ : X — Y
such that f~o g’ =id. This is the same as giving a contin-
uous map X — S, which, since X is simply connected, is
constant and is the same as giving an element of S. W

Corollary 32.7. Let X be semilocally path-connected,
f:(X,z) = (X,x) a universal covering map. For every
element ¥’ € f~Y{x}, there is a unique map f': X > X
such that fo f' = f and f'(Z) = 7'.

Note. By applying the corollary with Z and Z’ inter-
changed, we find an inverse to f’, and hence all such
maps f’ are homeomorphisms from X — X.

36
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Definition 32.8. Let f : X = X be a covering map,
and define

Aut(f) = {7 : X = X | 7 homeomorphic, f o~y = f}

Each such v is called a deck transformation or covering
transformation. Moreover, since inverses and compo-
sitions of homeomorphisms are themselves homeomor-
phims, Aut(f) is a group, called the group of deck
transformations of the given cover. This group Aut(f)

has a natural action on X by evaluation.

Lemma 32.9 (Unique Lifting Property). Let X, Y be ar-
bitrary topological spaces, f : ()?,5:) — (X, z) a covering
map, g : (Y, yo) (X,x) a continuous map with a lifting
7 (Y,y0) = (X, Z); that is, we have

g
O
Y ——

If Y is connected, then this lifting is unique.

Proof. Let ¢ : (Y,y0) — ()?,:i) be another lifting. Let
y € Y. Choose an open neighborhood U > z such that
f71(U) =[] U, evenly covers U. Take U > g(y) and
U>q (y) among these disjoint open sets. By continuity,
IV CY, V 5y such that §(V) C U and §'(V) S U".

If g(y) # 7' (v), thenU;éU' ThenUﬂU’—@ and
hence g(y’) # g( ") for any y' € V. If instead g(y) =
3'(y), then U = U’. Then we must have glv = g'lv since

fogly =fod|v and f is injective from U = U’ into U.
So the set {y € Y : g(y) = g(y)} is clopen, and hence is
all of Y. |

N‘TN?

Observation 32.10. Let X be path-connected. Choose
r € X and # € f~'{x}. Each deck transformation
v € Aut(f) is a lift of the covering map f, and hence
is uniquely determined by its action on Z. Thus, the ac-
tion of Aut(f) is free (though not necessarily transitive).

Observation 32.11. Recall Theorem [B1.8] where we
showed that if G is a topologically free action on X and
X = X/G, then f : X/G — X is a covering map. We
now claim that if X is path-connected, then G = Aut(f).

Choose v € Aut(f). Then for any point & € X, there
exists g € G taking & to v(Z) (this is true because X is
the orbit space and f the canonical projection). But then
9(Z) = v(&), which yields g = v by freeness, and hence
G = Aut(f).

Proposition 32.12. Let f: X >3 Xbea covering map,
X path-connected, G the group of deck transformations.
Then the action of G is topologically free.

Proof. Let U C X be evenly covered, with U>~Uin this
even covering. Let g € G. If UﬂgU # (), then 37,7 € X
such that Z = ¢g7'. Since g is a deck transformation, Z and
7’ are in the same fiber f~!{z}. But this fiber intersects
U at only one point, so Z = &’. Hence, by uniqueness,
g = 1, so our action is indeed topologically free. |

Proposition 32.13. If, in addition, X is path-connected
and the action of G is transitive (and hence simply tran-
sitive), then X /G = X.

Proof. We have

| 3

)?/GT>X

We want to show that ¢ is a homeomorphism. Since f is
surjective, so is . Moreover, since G acts simply transi-
tively, ¢ is bijective. It suffices to show that ¢ is open to
complete the proof. If U C X /G is open, then 7~ 1(U) is
open, and (U) = (po7)(x~1(U)). But pom = fis a
covering map, and hence open, as desired. |

Lecture 33 — 11/19/10

Recall that a topological space X is called semilocally
path-connected if Ve e UCX, IVCX, V C U,V >z
such that every point y € V is connected to z by a path
inU.

Definition 33.1. A topological space X is semilocally
simply connected if Vo € X, U C X,U > z such that the
map 71 (U,y) — 71(X,y) induced by inclusion is trivial
forally e U.

Theorem 33.2. If X is path-connected, semilocally path-
connected, and semilocally simply connected, then X has
a universal cover.

Proof. Fix x € X. Let

P, == {p € Map([0, 1], X) : p(0) = z}

Let ~ be an equivalence relation on P, such that p ~ ¢ if
p(1) = ¢(1) and [p] = [¢]. Define
X = P,/ ~

We give Map([0, 1], X) the compact-open topology, P,
the subspace topology, and X the quotient topology. Let
7w : P, — X be the quotient map, f : P, — X the map

37
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given by f(p) = p(1), and f : X — X the map induced
via 7; that is,

We will show that f is a covering map and that X is
simply connected.

First we will show that f is open.
7~ 1(U) C P, is open by continuity. Then

fU) = f(x"1(U))

So it suffices to show that f is open.

Say VCP,. Say y € f(V), soy = p(1) for some
p € V (this is true by surjectivity, which follows from
path-connectedness). We want to find a neighborhood of
y contained in f (V). Since V is open, there exist compact
sets Ki,...,K, C [0,1] and open sets Ui,...,U, CX
such that we have

pe{qe P, :Vi<n,q(K;) CU}CV

WLOG, write n = nj + ng, where Ky,...,K,, # 1 and
where K, 1,...K, 2 1. So there is ¢ > 0 such that
Ky, Ks,...,K,, C[0,1—¢]. Hence,

p(1) €EUpypr N---NT,

By semilocal path-connectedness, 3IW C X : W 3 p(1),
W C Upy41 N -+~ N U, such that points in W are con-
nected by paths in Up, 41 N -+ NU,.

We claim that f(V) 2 W. WLOG, choose ¢ small
enough that p([1 —¢€]) € W. Then for any z € W, we can
construct a new path from x to z which stays in our basic
open subset of V' as follows:

Let Ug)?

Un1+3
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This means that p(1) =y € W C f(V), so f is open, as
is f.

Next, we claim that f is a covering map. Choose
y € X. We want an open neighborhood V' 3 y such that
F~H(V) =] V. Choose U > y such that w1 (U) — m1(X)
is trivial. Then choose V' 3 y, V' C U such that all points
in V are connected by paths in U. We claim that V is
our desired neighborhood.

For each [y] € moP,,—that is to say, for every ho-
motopy class of paths from x to y—let V], C X be the
collection homotopy classes [y * 3], where ( is some path
in U such that 8(0) = (1) (necessarily) and 5(1) € V.
To complete the proof, we must show that

L 71 V) =Upienor,., Vil
2. Viy) N Vi = 0t [y] # []-
3. V|1 is open.

4. Vi) 2V via f.

We begin by proving 7 and 2, and in doing so, will con-
sider the following figure:

where « is a path starting at z and ending at some point
z € V, and hence a representative of some homotopy class
[a] € f~1(V). The inclusion f~'(V) 2 V};; is obvious;
we must show f~1(V) C (JV},). Take v = a * 3, where 3
denotes the reverse of 3, we get [a] € V},;. This proves 1.

To prove 2, we want to show that our choice of [y] for
each [a] is unique. It is obvious that any two represen-
tatives of [a] concatenated with some 3 yields a singular
[v]- Now consider a single « representing [a] and 3, 8 as
pictured above. Write v = a * 3 and 4/ = a * ’. Then
we have

Fxy=pxaxaxf
~ B«

This is a loop in U, and by semilocal simply connected-
ness, it is nullhomotopic. So v ~ 7/, as desired.
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Now assume 3, and we will prove 4. Fix [y], and con-
sider the restriction f},; : Vi) — V. This map inherits
continuity and openness from f; hence, it is a homeomor-
phism iff it is bijective. By path-connectedness of V', f
is surjective. To show injectivity, consider the paths given

=~
(0

We have o ~ v* 8 and o/ ~ v % ', and by the same
argument as before, by semilocal simply connectedness,
a ~ o, and hence [o],[¢/] =z €V <= [a] = [d].

Finally, we want to show 3, that V], is open in X.
This is equivalent to showing that 7+ (V}y]) is open in P,
since 7 is the natural quotient map. Say p € 77_1(VM).
Then p(1) € V, p ~ v x 8 for a path 8 contained in U.
We want to show that any sufficiently close path satisfies
the same conditions.

For each t < 1, choose an open set Uy 3 p(t) such that
m1(Uy) — m1(X) is trivial, and we have Uy = U. The sets
{p~Y(U;)} cover [0,1], and by compactness, admit a finite
subcover {p~*(Uy,)}. We can choose N sufficiently large
such that [, 1] C p~(Uy,) for some j, depending on
i. For a given ¢, write

Ui i=p(p~" (Ur,)) = Uy,

noting that each U; is an open set satisfying the semilo-
cal simply connectedness condition and that WLOG,
Un_1 = U. Note also that the U; may not necessarily
be distinct, but this fact is immaterial to our proof.

For 7 > 0, we have p(ﬁ) € U;_1 NUj;, and hence there
is a subset V; of this intersection whose points are con-
nected by paths in U;_1 NU; (for i = 0, we make a similar
choice using the open set Up). Finally, define

W—{qux:q<[

W is a basic open set and W 3 p. It remains to be shown
that W C 7~ (V},)). The details of this proof is left as
an exercise; a picture proof is given:

4o+ 1
N N

7

')evz}

N

}) C Ui, q(
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Finally, it remains to be shown that X is simply con-
nected. First we show that it is path-connected. Choose
[v] € X and let v; be the path obtained from the restric-
tion v[[g,4. The map ¢~ [y¢] is a path in X from [z] (the
nullhomotopy class at ) to [7] that lifts 4. Hence, X is
path-connected. N

Now we show that m1(X,[z]) = 0. Recall the mon-
odromy action f~'{z} © m(X,z), which is transitive
by path-connectedness. But by our definition of X ,
f Yz} = m(X,z). Then the stabilizers of the mon-
odromy action must all be trivial; that is, this action
must be simply transitive. But this means that X is sim-
ply connected, as desired. ]

Lecture 34 — 11/22/10

Recall that if X is a topological space that is path-
connected, semilocally path-connected, and semilo-
cally simply connected, then X has a universal cover
f:X — X. X has an action of m (X, z) by concatena-
tion, which is topologically free, yielding )~(/7r1 (X,z) =
X.

Claim 34.1. If X has a universal cover [ : X - X,
then X is semilocally simply connected.

Proof. For each x € X, choose a neighborhood V 3 z
such that f=1(V) =[] Va. Since f maps V,, to V homeo-
morphically, a loop about x lifts to a loop in V,, >  about
some specified Z. So the monodromy action of 71 (V, z) on
f~Ha} C f71(V) is trivial. But the monodromy action
of m (X, x) is simply transitive, and hence the homomor-
phism 71 (V, z) = 71(X, z) induced by inclusion is indeed
trivial.

Taking a more visualizable approach, we know that
the lift to X described above is nullhomotopic by simply
connectedness. Composition with f yields a nullhomo-
topy in X of any path, which also provides for semilocal
simply connectedness. |
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Definition 34.2. Let n € N. A topological space X is
an n-manifold if Vo € X, there is a neighborhood U >
such that U =2 R™.

Example.
1. R™ is an n-manifold.
2. The n-sphere S™ is an n-manifold.

3. The torus S! x S! is a 2-manifold. Any tori of
higher genus (greater number of holes) are also 2-
manifolds.

Observation 34.3. Recall that if X is a topological
space, x € X, then by the monodromy action, we have a
map from the collection of covering spaces of X into the
collection of sets acted on by m (X, z):

(f: X = X)— fYa}

We claim that if X is path-connected, semilocally path-
connected, and semilocally simply connected, we can re-
verse this construction to yield an equivalence of cate-
gories. _

Let f: X — X be a universal cover of X; since the
universal cover is unique up to isomorphism of covering
spaces, we take it to be the cover previously constructed.
Let S be a set with a right action of 71(X,z). The fun-
damental group 7 (X,z) also has an action on X: for
[v] € X and [A] € m1 (X, z), we take [A][y] = [A*4]. Then
consider the map

g: (X x8)/m(X,z) — X

which takes the orbit of ([y],Z) to v(1) € X. Note that
this gives

gz} = (fHa} x §)/m(X,2) = S

We claim that g is a covering map. Choosing U C X such
that f~2(U) 2 U x m (X, z), we get g~ (U) = U x S, as
desired.

Observation 34.4. By similar means, we can show that
the collection of all path-connected covering spaces of
X maps to the subgroups H < (X, z) and to sets of
the form 71 (X, x)/H (the coset space) with an action of
m1 (X, x).

_ For each such subgroup H, we get a covering space
X/H — X with

H~m(X/H, %) — m(X,2) O (X, x)/H
where the action is the monodromy action; this yields a

bijection and an equivalence of categories, as above. For
more details, see Munkres 54.6 and Hatcher 1.36.

Example. R — S! = R/Z is a covering map, and our
above observation yields 71 (S',*) ~ Z for any point
x e St

Let us now consider the problem of computing the fun-
damental group of the doubly-punctured complex plane
with any basepoint,

m(C—{0,1},2)

We notice that C — {0,1} can be neatly represented by
the gluing of two simpler spaces,

A={z+yi:z <1} —-{0} =C - {0}
B={z+yi:z>0}-{1} =2C-{1}

Note that the intersection
ANB={z+yi:0<zx <1} =C

is an even simpler space. We want to reduce the computa-
tion of m1(C — {0,1},z) to the computation of 7 (C*, z).

Theorem 34.5 (Seifert-van Kampen Theorem). Let X
be a space covered by two open sets U,V CX where
U, V,UNV are all path-connected. Choose a basepoint
xeUNV. Then the diagram

mUNV,z) ——m(U,x)

| J

7T1(V7£L') 4)’/T1(X,£L’)

is a pushout of groups. This determines 71(X,x) as the
free product with amalgamation of w1 (U, z) and m (V, x).
Alternatively, this means that for every group G, giving a
group homomorphism m (X, x) — G is equivalent to giv-
ing a pair of maps 7 (U, x) — G, m(V,2) = G such that
the composite maps m (U NV, x) — G are the same.

Example. Let X =C—{0,1}, U ={z € X : R(z) < 1},
V ={z€ X : R() > 0}. We know m(U,3) ~ Z,
m(V,3) ~ Z, and 7 (U NV,3) = 0. This determines
m1(X, 3) as the free group with two generators.
Example. Let X = S2. Choose z,y,z € S? all distinct,
and take U = S? — {y} =@ R%, V = S — {2} = R%
We have 71 (U, z) = m(V,2) = 0, and m (U NV, ) ~ Z.
Then our pushout yields m1(X,z) = 0, so S? is simply
connected.

Definition 34.6. Recall that (X, z) = mo Py . Define
’/TQ(X, CL’) = 7T1(PI7I, 1)

Example. (5% x) ~ Z.
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Lecture 35 — 11/24/10

Theorem 35.1 (Seifert van-Kampen Theorem). Let X
be a topological space, X = Uy U Us for Uy,Us CX and
Uy,Us, Uy NUy all path-connected, x € Uy NUs, G any
group. Then for any pair of group homomorphisms

p1:m (U, xz) = G and w2 1 m(Us,z) = G

inducing the same homomorphism 71 (Uy N Uz, x) — G,
there is a unique homomorphism ¢ : 7 (X,z) = G com-
patible with ©1 and @s2. Equivalently, there is a pushout
diagram

7T1(U1,.’17)

A

7T1(U10U2,(E)*>71’1(X71') ? > G

S

7T1(U2,:IJ)

where i1,12, j1, jo are the homomorphisms induced by the
relevant inclusions.

Proof. We will describe a construction of our homomor-
phism ¢ : m1(X,z) — G. Choose a loop p : [0,1] = X
about x. For each t € [0,1], p(¢t) € U; for some i, so
p(t —e,t +€) C U, for small e. By compactness, we can
choose a sequence 0 = tg < t; < ... < t, = 1 such that
p(ti) € Ur NUz and p([t;,tit1]) C Ujey, (i) € {1,2}.
Choose for each 0 < i < n a path 7; from p(t;) to x which
stays in Uy N Us.

U1 U2

Define

o([p]) = i) ([Plio,t] * 71]) * @50y ([V1 % Pl ta) * 72))
Kook @j(nfl)(h/n—l *p|[tn71,tn]])

We want to show that ¢ is a well-defined homomorphism;
uniqueness follows.

To show well-definedness, we must demonstrate that
¢ is independent of our choice of (1) t;, (2) 4, (3) p
up to homotopy (which is to say that for p ~ ¢, then

o([pl) = #(la])), and (4) 7.
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We will first show (2); that is, given
4 :{0,...,n—1} = {1,2}
satisfying pli, +,,,] € Uj@), and making the abbreviation
@i = i * Dl[t, t141] * Vit1, We want
eii) ([a]) = e ([a])

If j(i) # j'(i), then q is a loop in the intersection Uy NUs,
and the agreement there of ¢ and o yields the desired
equality.

Next we show (4). We have

e([P]) = #0250y ([Fi * Plits ta ) * Vi)

Suppose that §; is another path from p(t;) to . Then

@i(i—1) (Vi1 * Plit,_y 0.1 * 6i]) * 0506y ([0 * Plies 0] * Vi1)
= @ji—1) (Vim1 * Plit 1,7 % Yil) * ©ji—1) ([Fi * 63])
* 00y ([0 % vi]) * @i (i x p

= ;-1 ([Vi-1 * Pli,_1,e) * il)

* 50y (Vi * Dl[ts ta41] * Vit1])
since 7; * 6; and &; * y; are both paths in the intersection
Uy N Uz, and hence @;;_1)([¥i * 6:]) * ©;j(i)([0; * i]) can-
cels since 1 and o are consistent on 71 (U NUs, z) and
because [; * 0;] 1 = [0; * ;]. This proves (4).

Next, we show (1), that ¢([p]) is independent of the

choice of subdivision tg < t; < --- < t,. Consider an-
other subdivision 0 = sg < 51 < --- < 8, = 1. We want

to show that
ee([p]) = ws([p])

We do this by demonstrating that both coincide with
©r([p]), where r is given by {r;} = {t;} U {s;}.

Thus, WLOG, we may assume that {¢t;} C {s;}. By
induction on m — n, we can assume that {s;} is obtained
by adding one element to {¢;}. Assume

[tistig1] * ’YiJrl])

O<t1 < <t <s<tp1 <---<1
We want to show that

@50y (Vi * Plits ti 1) * Yi1])
= ©j(iy (Vi * Dlits,s) * Bl) * @50 ([B * Plis,tiya) * Virr])

where [ is defined, and we know that j(¢) is consistent,
via the following diagram:




Math 131—Topology 1

Max Wang

Since ¢j(;) is a group homomorphism, (1) follows.

Next we will show that ¢ is indeed a group homomor-
phism. Say p = p’xp”; we want ¢([p]) = ¢([p']) *¢([p"]).
Choose subdivisions {t;}{"_ and {s;}7", for ¢([p']) and
©([p"]) respectively. Condense these subdivisions to-

gether into a subdivision {r;}72;" ! given by

%“ k<n
T‘k: = Sk 1

2 + 5 k>n
Note that p(rx) € Uy N Uz and that plp., .., ,] € U; for
[ € {1,2}. Choose 7, to be the constant path from
p(1/2) = x to z. This construction makes equality clear,
and we omit the details (of which there are few).

Finally, we show (2), that if p ~ ¢, then we also
get o([p]) = ¢([q]). If p ~ g, then there is a homo-
topy h : [0,1] x [0,1] — X such that h(0,t) = p(t),
h(1,t) = q(t), h(s,0) = h(s,1) = z.
g

-

>

p

We know that h=1(U;),h 1 (Us) are an open cover of
[0,1] x [0,1], so by the Lebesgue number lemma (see
Munkres 27.5), e > 0 such that Vy € [0,1] x [0,1], B(y)
is contained in either h=*(U;) or h=1(Us). Then there
is N > 0 such that each square in the following grid
represents a homotopy either in U; or in Us:

q
Pn >
X X
P1
Po >
p

We want to show that ¢([po]) = ¢([pn]), and hence it
suffices to show that ¢([px]) = ¢([pr+1]). We present a
picture, the details of which are left as an exercise.
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Lecture 36 — 11/29/10

Recall the Seifert-van Kampen Theorem: If X is a topo-
logical space of the form X = U UV for U,V g X where
U,V,U NV are all path-connected, then for x € U NV,
we have

m (X, z) =~ m (U, ) *

V.
1 (UNV,z) m(V,2)

which is to say there is a pushout diagram

Wl(UﬁKl‘) *V]Tl(v,x)

| J

7T1(U,:L‘) —>7r1(X,x)

We will now provide some applications of this theorem,
as well as some general applications of our study of al-
gebraic topology, and we note that some details will be
ommitted in our discussion.

Example. 1. 7(S? ) =0.

2. m(C—-{0,1}) ¥ Z =« Z.

3. The 2-torus of genus 1 is given by T2 = S' x S'. We
have 7 (T?) = 71 (S') x m1(SY) ~ Z x Z. We also
know that 72 has a universal cover R? — T2 given
by (z,y) — (€27 e*™W). So T? 2 R?/(Z x 7).

Example. Let us determine the fundamental group of
the punctured torus, T? — {*}. Our covering map above
yields a covering

R? = f 7} — 17 = {x}

Note that the preimage f~!{x} is a lattice in R?, and note
also that R? with this lattice removed is no longer simply
connected. The punctured torus can be represented as a
unit square in this lattice, given by

* a *
b 4 \ b
X
L[]
* a *

which represents a quotient wherein we identify the edges
labeled a with one another, and separately the edges la-
beled b with one another With the point * intact, this is
the fundamental polygon of the torus.

Choose a base point x; we want to compute the group
m(T? — {},x). Let U = T? —a and V = T? — b.
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Then UUV = T? — {¥}. We have U = S! x (0,1)
and V = (0,1) x S', and hence UNV = (0,1) x (0,1);
note that all these spaces are path-connected. Since
m(UNV,z) =0, van-Kampen’s theorem yields

1 (T? — {},2) ~ Z+Z
the free group on two generators. Note that
m(T? — {+}) =~ m(C - {0,1})

The space C — {0,1} is homeomorphic to the triply-
punctured 3-sphere. The one-point compactification of
T? — {x} is T?, but the one-point compactification of
C — {0,1} is S® with three points identified. That is,
though we have an isomorphism of fundamental groups,
we still find that

T? — {x} 2 C - {0,1}

Note lastly that the group 7(T? — {*},x) is generated
by [a],[8] where o and 8 are the lines of latitude and
longitude, respectively, which intersect x.

Now take U = T? — {*} and let V be a small open
disc about 2. Then 72 = U UV, and we will compute
71 (T2, ). We know that my (U, z) ~ F({[a], [8]}) ~Z*Z
and 71 (V,2) = 0. Since UNV is the punctured open disc,
m(UNV,z) ~ Z. By van-Kampen’s theorem,

1 (T?,2) ~ (Z*7) %70

This is the free group on [a], [8] quotiented by the normal
subgroup generated by the image of the homomorphism
Z — Z x Z induced by inclusion. We can deform a gener-
ator of Z (a circular path) given this inclusion

b

*

So m1(T?, z) is the quotient of Z * Z by the normal sub-
group generated by the commutator

[le, [81] = [ Bl "[67")

Example. Now consider the two-holed torus ¥ given by
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Both U and V are the torus T2 with a disc removed;
hence, m(U) ~ 7 (V) ~ Z * Z. We also have U NV
St % (0,1), so 7 (UNV) ~ Z. Then van-Kampen’s theo-
rem gives

m(2) = (Z+7Z) %7 (Z+7)

This is the free group generated by [, [3], [&/], '] with
a single relation, [[a],[8]] = [[@'],[8"]]~!, or equivalently,

[[a], [B]][[e], [B7])-
In general, the torus of genus g (with g holes), X,
has fundamental group m;(X) given by the free group on

Qq, .. 'aag7ﬂlv cee 7Bg modulo [alaﬂl] e [agaﬂg]~

Definition 36.1. Let f,¢g: X — Y be continuous maps
between topological spaces. A homotopy from f to g is
amap h : X x[0,1] — Y such that h|xq0; = f and

h\Xx{1} =g

Definition 36.2. A topological space X is contractible
if id : X — X is homotopic to some constant map.

Example. R" is contractible by the contraction

R™ x [0,1] — R"
(v,t) —> tv

Note. If X is contractible, then 71 (X) is always trivial.

Definition 36.3. A graph is a space akin to

A graph is a tree if it has no loops

N
/

Claim 36.4. Any tree is contractible and hence has triv-
ial fundamental group.

Note. Any connected graph can be made into a tree by
deleting midpoints of edges. Moreover, any connected
graph can be made simply-connected by deleting mid-
points of finitely many edges.
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Observation 36.5. Suppose our graph G only requires
one deletion.

We claim that there is a projection p : G — L that is
homotopic to idg. So m1 (G, x) =~ m (L, x) ~ Z.

Observation 36.6. Suppose G becomes simply con-
nected after deleting finitely many points x1,...,xq. Let

Ui:G—{xl,...,in,...,$d}

We have m(U;) ~ Z by our previous discussion. More-
over, G = |JU;. Then van-Kampen’s theorem yields

m1(G) = (Uy) * -+ - x w1 (Uy)

the free group on d generators. In general, if G is a con-
nected graph, then 71 (G) is free; in the infinite case, we
write G as the infinite union of finite graphs.
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